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a2+QM/- A rMi iQ }M/ ;2M2`H [mHBiiBp2 Tii2`Mb 2t?B#Bi2/ BM `2bQMMi t@`v b+i@
i2`BM; /i M/ /Bb+Qp2` i?2 BMimBiBp2 i?2Q`2iB+H `2bQMb 7Q` i?2b2 Tii2`MbX am+? 
pQ+#mH`v Q7 T?2MQK2M `2Hi2/ iQ `2bQMMi t@`v b+ii2`BM; Bb Q7 ;`2i BMi2`2bi iQ 2t@
T2`BK2MiHBbib r?Q M22/ iQ FMQr ?Qr iQ BMi2`T`2i i?2B` /iX Ai rBHH HbQ T`Qp2 mb27mH BM
T`2/B+iBM; r?i bQ`i Q7 BM7Q`KiBQM M 2tT2`BK2Mi +M- BM T`BM+BTH2- `2p2HX h?2 rQ`F
T`2b2Mi2/ BM i?Bb i?2bBb i?2`27Q`2 //`2bb2b i?2 [m2biBQM Q7 r?i _1sa M/ _Asa +M /Q
i?i M2mi`QM b+ii2`BM; M/ _S1a +MMQiX PM2 2tKTH2 Q7  Tii2`M r?Qb2 Q`B;BM Bb
`2p2H2/ #v [mMiBiiBp2 MHvbBb- BM +?Ti2` R A /Bb+mbb i?2 T`2b2M+2 Q7 T2Fb BM _1sa
k/i M/ `2Hi2 Bi iQ M2biBM; Q7 BbQ2M2`;v +QMiQm`b Q7 i?2 [mbBT`iB+H2 /BbT2`bBQMX M@
Qi?2`- /Bb+mbb2/ BM +?Ti2` j- Bb  TQH`BxiBQM@/2T2M/2Mi b?B7i BM /B`2+i _Asa bT2+i`
i?i im`Mb Qmi iQ +QK2 7`QK i?2 +QK#BMiBQM Q7  +Q`2 ?QH2 TQi2MiBH M/ i?2 SmHB
2t+HmbBQM T`BM+BTH2X Ai Bb BKTQ`iMi iQ `2HBx2 i?i #Qi? i?2b2 BMi2`T`2iiBQMb `2 MQi
QMHv }HHBM;  pQB/ Q7 BMimBiBQM #Qmi `2bQMMi t@`v b+ii2`BM;X _i?2`- i?2v bmTTHMi
2ti`2K2Hv i2KTiBM; BMi2`T`2iiBQMb i?i `2 TT`2MiHv Q#pBQmb Ĝ mMiBH QM2 +imHHv
T2`7Q`Kb  +H+mHiBQM Q7 _1sa Q` _Asa BMi2MbBiB2bX h?2b2 T`2pBHBM; BMi2`T`2iiBQMb Q7
/i rBHH #2 /Bb+mbb2/ BM +?Ti2`b R M/ jX h?2 +QMi2Mi Q7 +?Ti2` k- QM BM/B`2+i _Asa-
Bb `2HiBp2Hv mM+QMi`Qp2`bBH b Bi ii2KTib iQ T`QpB/2 ;mB/M+2 #Qmi 2tT2`BK2Mib i?i
?p2 v2i iQ #2 T2`7Q`K2/ M/ ?p2 MQi v2i /2p2HQT2/ M Q`i?Q/Qt QTBMBQMX
AM +QMi`bi iQ i?2 }`bi irQ ;QHb- r?B+? r2`2 `2Hi2/ iQ #`BM;BM; i?2 }2H/ Q7 `2bQMMi
t@`v b+ii2`BM; +HQb2` iQ Kim`Biv- i?2 i?B`/ ;QH Q7 i?2b2 +?Ti2`b Bb iQ mb2 _1sa
M/ _Asa iQ Mbr2` [m2biBQMb #Qmi i?2 ?B;?@i2KT2`im`2 +mT`i2 bmT2`+QM/m+iQ`bX
PM2 KDQ` i?2K2 BM i?2 Hbi /2+/2 Q7 rQ`F QM i?2 +mT`i2b ?b #22M i?2 2K2`;2M+2
Q7 2tT2`BK2Mib i?i BM bQK2 `2bT2+ib i?2v #2?p2 KQ`2 HBF2 62`KB HB[mB/b i?M ?/
T`2pBQmbHv #22M i?Qm;?iX JQbi /`KiB+HHv- K;M2iB+ Qb+BHHiBQMb 2tT2`BK2Mib ?p2
`2p2H2/ BM+QMi`Qp2`iB#H2 bB;Mim`2b Q7  62`KB bm`7+2X h?Bb Bb MQi iQ bv i?i i?2
+mT`i2b `2 62`KB HB[mB/b U2t+2Ti i H`;2 Qp2`/QTBM;V- #mi `i?2` i?i r2FHv@+QmTH2/
TT`Q+?2b Kv #2  `2bQM#H2 bi`iBM; TQBMi 7Q` /2b+`B#BM; i?2b2 Ki2`BHb- i H2bi
b 7` b bQK2 2tT2`BK2Mib `2 +QM+2`M2/X Ai HbQ Kmbi #2 `2K2K#2`2/ i?i bi`QM;Hv@
+QmTH2/ KQ/2Hb Kv vB2H/ 2z2+iBp2 r2FHv@+QmTH2/ T?vbB+bX AM i?Bb i?2bBb A rBHH `;m2
i?i /i 7`QK `2bQMMi t@`v 2tT2`BK2Mib bmTTQ`i  [mbBT`iB+H2 BMi2`T`2iiBQM Q7
+mT`i2 T?2MQK2MQHQ;vX >pBM; bB/ i?i- _1sa M/ _Asa `2KBM BM i?2B` /QH2b+2M+2-
2+? rBi? QMHv  ?M/7mH Q7 bB;MB}+Mi 2tT2`BK2Mib i?i biBHH ?p2 MQi M2`Hv KTT2/
Qmi i?2 2MiB`2 T?b2 /B;`KX .2bTBi2 Kv QrM QTBMBQMb- Kv BK BM i?Bb i?2bBb Bb iQ
j+QMpBM+2 bF2TiB+b i?i  [mbBT`iB+H2 BMi2`T`2iiBQM Q7 +mT`i2 2tT2`BK2Mib b?QmH/ MQi
#2 /BbKBbb2/  T`BQ`B b QmiHM/Bb?X A ?QT2 i?i 7mim`2 2tT2`BK2Mib- HQM; rBi? MHvb2b
i?i +H+mHi2 i?2 b+ii2`2/ BMi2MbBiv Bib2H7 M/ MQi bQK2 UbbmK2/V T`Qtv- rBHH ?2HT iQ
b2iiH2 /2#i2b #Qmi i?2 +mT`i2bX
7i2` i?2 /Bb+mbbBQM Q7 `2bQMMi t@`v b+ii2`BM;- r2 +QMiBMm2 BM +?Ti2` 9 rBi? 
i`2iK2Mi Q7 i?2 p`BiBQMH TQH`QM i`Mb7Q`KiBQM M/ Bib TTHB+iBQM iQ KBtim`2b Q7
irQ iQKB+ "Qb2 ;b2bX h?2 TQH`QM i`Mb7Q`KiBQM Bb r2HH FMQrM iQ KQbi +QM/2Mb2/
Kii2` T?vbB+BbibX Ai Bb- ?Qr2p2`- MQi TTHB+#H2 7Q`  rB/2 `M;2 Q7 T`K2i2`b #2+mb2
Bi Bb BM~2tB#H2 Ĝ Bi vB2H/b TQH`QMb rBi?  +QMbiMi b?T2X b b?QrM BM +?Ti2` 9- i?Bb
Bb MQi M BM?2`2Mi /2}+B2M+v Q7 i?2 TQH`QM i`Mb7Q`KiBQM M/  p`BiBQMH 2ti2MbBQM
Q7 i?2 K2i?Q/ Bb 7B`Hv bi`B;?i7Q`r`/X S`2pBQmb rQ`F ?b mb2/  p`BiBQMH TQH`QM
i`M7Q`KiBQM iQ MHvx2  bBM;H2 BKTm`Biv BM  #i?- #mi iQ Kv FMQrH2/;2 bm+? 7Q`KH@
BbK ?b M2p2` #27Q`2 #22M TTHB2/ iQ  KBtim`2- BM r?B+? +b2 i?2 p`BiBQMH TQH`QMb
Kmbi #2 QTiBKBx2/ b2H7@+QMbBbi2MiHv KQM; KMv T`iB+H2bX Ai im`Mb Qmi- ?Qr2p2`- i?i
i?Bb T`Q+2/m`2 Bb +imHHv MQi Km+? ?`/2` i?M i?2 bBM;H2 TQH`QM +b2X
6BMHHv- r2 +QM+Hm/2 rBi? i?2 T`Q#H2K Q7 _6 #bQ`TiBQM Q7  KQ#BH2 BKTm`Biv T`iB+H2
BM M mHi`+QH/ iQKB+ ;b- BM r?B+? QMHv i?2 }MH bii2 Q7 i?2 BKTm`Biv BMi2`+ib rBi?
i?2 #i?X h?Bb Bb i?2 7KQmb Qi?Q;QMHBiv +ibi`QT?2 T`Q#H2K Q7 t@`v #bQ`TiBQM- #mi
rBi?  }MBi2@Kbb T`iB+H2 `i?2` i?M  biiB+ TQi2MiBHX 7i2` b2p2`H i`Mb7Q`KiBQMb
r2 `2+bi i?2 T`Q#H2K b QM2 Q7  bBM;H2 >m##`/@ai`iQMQpB+? }2H/ M/ 72`KBQM #i?
rBi?  }2H/@/2T2M/2Mi TQi2MiBHX h?2 i?2bBb +QK2b 7mHH +B`+H2 r?2M r2 2tTHQBi i?2
K2i?Q/ Q7 7mM+iBQMH /2i2`KBMMib T`2pBQmbHv mb2/ iQ /2b+`B#2 `2bQMMi t@`v b+ii2`BM;
iQ BMi2;`i2 Qmi i?2 72`KBQMbX q2 i?2`2#v Q#iBM M 2z2+iBp2 }2H/ i?2Q`v Q7 i?2 >m##`/@
ai`iQMQpB+? }2H/ i?i +M #2 BMi2;`i2/ MHviB+HHvX
"27Q`2 r2 T`Q+22/ rBi? i?2 rQ`F /2b+`B#2/ #Qp2-  #`B27 bmKK`v Q7 i?2 /Bz2`2Mi
9ivT2b Q7 `2bQMMi t@`v b+ii2`BM; rBHH T`Qp2 mb27mHX
yXR _2bQMMi t@`v b+ii2`BM;
GBF2 Mv T?QiQM b+ii2`BM; 2tT2`BK2Mi- `2bQMMi t@`v b+ii2`BM; BMpQHp2b M BM+QKBM;
T?QiQM rBi? KQK2MimK ki- 2M2`;v ω- M/ TQH`BxiBQM ηic M/ M Qmi;QBM; T?QiQM rBi?
KQK2MimK kf = ki − ∆k- 2M2`;v ω − ∆ω- M/ TQH`BxiBQM ηfX "v +QMb2`piBQM Q7
KQK2MimK M/ 2M2`;v- ∆k M/ ∆ω `2 i?2 KQK2MimK M/ 2M2`;v Q7 2t+BiiBQMb H27i
#2?BM/ BM i?2 bvbi2KX hQ TT`2+Bi2 `2bQMMi t@`v b+ii2`BM;- r2 Kmbi }`bi #`B2~v
+QMbB/2` MQM@`2bQMMi t@`v b+ii2`BM;X h?2`2 i?2 BMi2MbBiv Q7 b+ii2`2/ `/BiBQM Bb
;Bp2M #v i?2 }`bi@Q`/2` h?QKTbQM 7Q`KmH
I ∝
 
f
|⟨f|ρ∆k|i⟩(ηf · ηi)|
2 δ(Ef − Ei − ∆ω), URV
r?2`2 |i⟩ M/ |f⟩ `2 i?2 BMBiBH M/ }MH 2H2+i`QM bii2b- rBi? 2M2`;B2b Ei M/ Ef-
M/ ρ Bb i?2 2H2+i`QM /2MbBiv QT2`iQ`X AM //BiBQM iQ M mMBMi2`2biBM; /2T2M/2M+2 QM
i?2 }MH bii2- i?2 h?QKTbQM b+ii2`BM; 7Q`KmH Bb b2MbBiBp2 iQ i?2 iQiH /2MbBiv Q7
2H2+i`QMb M/ i?2`27Q`2 `2+2Bp2b Bib KBM +QMi`B#miBQM 7`QK +Q`2 2H2+i`QMb #v pB`im2 Q7
i?2B` [mMiBivX _2bQMMi t@`v b+ii2`BM; Bb +?B2p2/ r?2M i?2 BM+B/2Mi T?QiQM 2M2`;v
ω Bb M2` i?2 2M2`;v Q7  i`MbBiBQM 7`QK  +Q`2 bii2 iQ M mMQ++mTB2/ bii2 M2` i?2
62`KB H2p2HX lM/2` i?Bb +QM/BiBQM- i?2 b2+QM/@Q`/2` KTHBim/2 Q7 T`Q+2bb2b +QMiBMBM;
M BMi2`K2/Bi2 bii2- r?B+? 2tBbib i`MbB2MiHv #2ir22M #bQ`TiBQM M/ `2@2KBbbBQM-
rBi? M //2/ t@`v T?QiQ2H2+i`QM #Qp2 i?2 62`KB H2p2H +M 2t+22/ i?i Q7 }`bi@Q`/2`
b+ii2`BM;X h?2 `2bQMM+2 7`QK i?Bb BMi2`K2/Bi2 bii2 Bb Q7i2M bm{+B2MiHv bi`QM; iQ
/QKBMi2 i?2 }`bi Q`/2` KTHBim/2- r?2M+2 bi`B;?i7`Qr`/ T2`im`#iBQM i?2Q`v ;Bp2b
8i?2 E`K2`b@>2Bb2M#2`; 7Q`KmH 7Q` i?2 b+ii2`2/ BMi2MbBiv,
I ∝
 
f
   
   
 
 
n
⟨f|p(kf) · ηf|n⟩⟨n|p(−ki)|i⟩
En − Ei − ω
   
   
 
2
δ(Ef − Ei − ∆ω − iΓ), UkV
r?2`2 i?2 M2r BM;`2/B2Mib `2 i?2 BMi2`K2/Bi2 bii2 |n⟩- i?2 +Q`2@?QH2 /2+v `i2 Γ- M/
i?2 KQK2MimK QT2`iQ` UBM }`bi@[mMiBx2/ MQiiBQMV p(k)=
 
m pme−ik·rmX LQi2 i?i
i?2 BMi2`K2/Bi2 bii2 2M2`;v En BM+Hm/2b i?2 BMi2`+iBQM #2ir22M pH2M+2 2H2+i`QMb M/
 +Q`2 ?QH2 H27i #2?BM/ #v i?2 T?QiQ2t+Bi2/ 2H2+i`QMX S`QD2+iBM; Qmi HH #mi i?2 `2bQMMi
+QMi`B#miBQM - r2 ?p2- mT iQ  TQH`BxiBQM@/2T2M/2Mi T`27+iQ` Ub22 TT2M/Bt 1 7Q`
M 2tTHB+Bi +H+mHiBQMV-
I ∝
 
f
   
 
   
 
n
⟨f|T†(kf)|n⟩⟨n|T(ki)|i⟩
En − Ei − ω − iΓ
   
 
   
2
δ(Ef − Ei − ∆ω), UjV
r?2`2 T(k)=
 
m e−ik·rmd
†
mcm Bb  /BTQH2 i`MbBiBQM QT2`iQ` BM r?B+? cm MMB?BHi2b 
+Q`2 2H2+i`QM M/ d
†
m +`2i2b M 2t+Bi2/ T?QiQ2H2+i`QM i bBi2 m- i?i Bb- Bi Bb i?2 +`2iBQM
QT2`iQ` +Q``2bTQM/BM; iQ  qMMB2` Q`#BiH i TQbBiBQM rmX 6Q` i?2 +b2 Q7 KmHiBTH2
2t+Bi2/ #M/b- QM2 Kmbi HbQ bmK Qp2` #M/b- rBi? 2+? #M/ r2B;?i2/ #v Bib QrM
/BTQH2 Ki`Bt 2H2K2MiX q2 rBHH MQi +QMbB/2` i?2 +b2 Q7 KmHiBTH2 #M/b BM i?Bb i?2bBb-
Hi?Qm;? i?2 7Q`KHBbK /2p2HQT2/ #2HQr 2ti2M/b BM M Q#pBQmb rvX Hi?Qm;? i?2 +Q`2@
iQ@pH2M+2 #M/ `2bQMM+2 +M KTHB7v i?2 BMi2MbBiv Q7 b2+QM/@Q`/2` b+ii2`BM; #v Qp2`
i?`22 Q`/2`b Q7 K;MBim/2- i?Bb KTHB}+iBQM /Q2b MQi bm{+2 iQ KF2 /BTQH2@7Q`#B//2M
`2bQMMi i`MbBiBQMb /2i2+i#H2 Qp2` h?QKTbQM b+ii2`BM;X h?mb i?2 QMHv TQbbB#BHBiB2b
r2 +QMbB/2` `2 i?Qb2 i?i `2 `2HBx2/ BM 2tT2`BK2Mib QM i?2 +mT`i2b, 1s → 4p M/
  MQM@2H2K2MiH Ki2`BH rBHH ?p2 b2p2`H TQbbB#H2 +Q`2 H2p2H `2bQMM+2b- #mi #``BM; +QBM@
+B/2M+2 i?2B` 2M2`;B2b ω rBHH MQi Qp2`HTX
e2p → 3d i`MbBiBQMbX 6BMHHv- i?2 +Q`2 ?QH2 Bb ;2M2`HHv BKKQ#BH2- bQ #bQ`TiBQM M/
`2@2KBbbBQM Kmbi Q++m` i i?2 bK2 bBi2X h?Bb +mb2b i?2 E`K2`b@>2Bb2M#2`; 7Q`KmH
iQ bBKTHB7v iQ
I ∝
 
f
 
 
   
 
 
n
 
m
e−i∆k·rm ⟨f|dmc
†
m|n⟩⟨n|d
†
mcm|i⟩
En − Ei − ω − iΓ
 
 
   
 
2
δ(Ef − Ei − ∆ω), U9V
>pBM; BMi`Q/m+2/ i?2 #bB+ 2[miBQM /2b+`B#BM; `2bQMMi t@`v T?2MQK2M- r2 MQr
/Bb+mbb i?2 /Bz2`2Mi ~pQ`b Q7 2tT2`BK2MibX
yXk _1sa M/ .B`2+i _Asa
AM /B`2+i b+ii2`BM;- i?2 `2bQMM+2 Bb +?Qb2M bQ i?i i?2 +Q`2 2H2+i`QM Bb T?QiQ2t+Bi2/
iQ  pH2M+2 #M/ BMi2`b2+iBM; i?2 62`KB H2p2H- Q` iQ  #M/ Dmbi #Qp2 i?2 62`KB H2p2HX
h?2 2bb2MiBH 72im`2 Bb i?i i?2 2H2+i`QM Bb BMD2+i2/ BMiQ i?2 #M/ BM r?B+? KQbi Q7 i?2
BMi2`2biBM; T?vbB+b Q7 i?2 bvbi2K Bb 2tT2+i2/ iQ Q++m`X Hi?Qm;? i?2 /BbiBM+iBQM #2ir22M
2HbiB+ b+ii2`BM; U_1saV Ur?B+? Bb Hrvb T2`7Q`K2/ mM/2` /B`2+i _Asa +QM/BiBQMbV M/
BM2HbiB+ b+ii2`BM; U_AsaV Bb [mMiBiiBp2Hv  Kii2` Q7 /DmbiBM; ∆ω- i?2v b2`p2 [mH@
BiiBp2Hv /BbiBM+i Tm`TQb2bX 6B;X R b?Qrb i?2 bBKTH2bi TQbbB#H2 _Asa T`Q+2bb +QMiBMBM;
QMHv #bQ`TiBQM M/ `2@2KBbbBQM- BX2X rBi? i`BpBH i`MbB2Mi bii2 /vMKB+bX h?2 T`Q+2bb
b?QrM Bb BM2HbiB+ #2+mb2 i?2 T?QiQ2H2+i`QM //2/ iQ i?2 bvbi2K Bb KQ`2 2M2`;2iB+ i?M
i?2 2H2+i`QM i?i `2@}HHb i?2 +Q`2 ?QH2X h?i Bb-  T`iB+H2@?QH2 2t+BiiBQM Bb //2/ iQ i?2
bvbi2KX Ai Bb HbQ TQbbB#H2 7Q` i?2 T?QiQ2H2+i`QM iQ b+ii2` /m`BM; i?2 i`MbB2Mi bii2- 
T`Q+2bb i?i HbQ vB2H/b BM2HbiB+ b+ii2`BM;X aBKBH`Hv- QM2 +M ?p2 2HbiB+ b+ii2`BM; B7
i?2 T?QiQ2H2+i`QM b+ii2`b 2HbiB+HHvX h?Bb +M Q++m` B7 i?2 b+ii2`BM; Bb /m2 iQ T2`BQ/
Q`/2`- bm+? b  +?`;2 /2MbBiv rp2X h?2`27Q`2- rBi? bHB;?i KQ/B}+iBQM 6B;X R HbQ
/2b+`B#2b _1saX
d6B;m`2 R, aBKTH2 b+?2KiB+ Q7 _AsaX  T?QiQM Bb #bQ`#2/- T`QKQiBM;  +Q`2 2H2+i`QM iQ i?2 +QM@
/m+iBQM #M/X am#b2[m2MiHv- MQi?2` +QM/m+iBQM 2H2+i`QM `2@}HHb i?2 +Q`2 ?QH2 M/ 2KBib  T?QiQMX
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=
  ∞
0
e−itz dt U8V
iQ i?2 `2bQM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m|n⟩⟨n|d
†
mcm|i⟩
En − Ei − ω − iΓ
→
 
n
⟨i|dm|n⟩⟨n|d
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b 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FBM;- /B`2+i _Asa K2bm`2b i?2 2M2`;v M/ KQK2M@
imK Q7 2t+BiiBQMbX hrQ #`Q/ +i2;Q`B2b Q7 2t+Bi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M/ +`2i2
M 2t+BiiBQMX h?2 `M;2 Q7 2t+Bi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`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v b+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#Qp2 i?2 62`KB
2M2`;vX AM T`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p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H .2i2`KBMMib
6BMHHv- r2 BMi`Q/m+2 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i2  72r
bBKTH2 2tKTH2b- ;BpBM; 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M/ j BMpQHp2 2ti2MbBQMb Q7 i?2b2 #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#bQ`#2/- T`QKQiBM; 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v b+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i `#Bi``v i2KT2`im`2 T =1 /β iQ
⟨X⟩(t)=
tr
 
eiH1tXe−iH1te−βH0 
tr[e−βH0]
. URRV
Ai Bb +`m+BH iQ MQi2 i?i- 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iQ`- r?BH2 mTT2`+b2- 2; ǵZǶ
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iQ`b BMiQ i?2 i`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v b+ii2`BM; +`Qbb b2+iBQMb `2 /QKBMi2/ #v i?2 +QMi`B#miBQMb
Q7 Mm+H2B M/ +Q`2 2H2+i`QMb- _1sa +QmTH2b b2H2+iBp2Hv iQ +QM/m+iBQM #M/ 2H2+i`QMb
M/ Bb 2ti`2K2Hv b2MbBiBp2 iQ KMv@#Q/v +Q``2HiBQMbe-RRe-jy-9R-j-Rkk-Nk-8-jk-9e-N3-NN-j3X 6Q`
i?Bb `2bQM QM2 +M i?BMF Q7 _1sa b ǳpH2M+2@b2H2+iBp2 /Bz`+iBQMXǴ >Qr2p2`- i?Bb /2@
b+`BTiBQM Kv +imHHv mM/2`bii2 i?2 p2`biBHBiv Q7 _1sa- 7Q` mMHBF2 i`/BiBQMH- MQM@
`2bQMMi- t@`v /Bz`+iBQM- _1sa /Q2b MQi +QmTH2 QMHv iQ i?2 +?`;2 /2MbBivX _i?2`-
Bi +QmTH2b iQ 2bb2MiBHHv Mv T2`im`#iBQM Q7 pH2M+2 2H2+i`QMb- M/ 2HbiB+ U/Bz`+iBQMV
T2Fb BM _1sa ++QKTMv KMv ivT2b Q7 i`MbHiBQMH bvKK2i`v #`2FBM;- BM+Hm/BM;
i?Qb2 bm+? b Q`#BiH Q`/2` i?i /Q MQi 2MiBH +?`;2 Q`/2`X b M 2tKTH2 Q7 i?2 2ti2Mi
Q7 i?2 `2bQMMi #2?pBQ`- BM i?2 +b2 Q7 i?2 Qtv;2M E 2/;2 BM G"*P M/ Ga*P i?2
+`Qbb b2+iBQM 7Q` +?`;2 +``B2`b Bb 7Qm` Q`/2`b Q7 K;MBim/2 ;`2i2` i `2bQMM+2 i?M
rv 7`QK `2bQMM+2NNX 6m`i?2` T`QKBb2 Q7 _1sa +QK2b 7`QK Bib #BHBiv iQ bim/v 
rB/2 +Hbb Q7 Ki2`BHb- BM+Hm/BM; i?Qb2 pBH#H2 QMHv BM bKHH bKTH2b M/ i?Qb2 rBi?
#m`B2/ BMi2`7+2b N3-Nd-NNX h?Bb Bb BM bi`F +QMi`bi iQ M2mi`QM b+ii2`BM;- r?B+? /m2
iQ bKHH +`Qbb b2+iBQMb ;2M2`HHv `2[mB`2b H`;2 bBM;H2 +`vbiHb 7Q` bKTH2bX _1sa ?b
`2+2MiHv #22M mb2/ iQ Q#b2`p2 Q`#BiH Q`/2` BM KM;MBi2bRRe-jy-9R M/ `mi?2Mi2bRkk-
?QH2 +`vbiHHBxiBQM BM bTBM H//2`bj- M/ +?`;2 Q`/2` BM +mT`i2b8-jk-j3- MB+F2Hi2bNk-
M/ KM;MBi2b9e-d8X
Hi?Qm;? [mHBiiBp2 BMi2`T`2iiBQM Q7 _1sa /i ?b H`2/v T`QpB/2/ pHm#H2 BM@
bB;?i BMiQ  p`B2iv Q7 bi`QM;Hv +Q``2Hi2/ Ki2`BHb- /2iBH2/ [mMiBiiBp2 mM/2`biM/@
BM; Q7 i?2b2 2tT2`BK2Mib Bb biBHH H+FBM;- M/ i?2`2 2tBbi MQ `2HB#H2 iQQHb 7Q` +QMM2+iBM;
K2bm`2/ _1sa bT2+i` iQ KB+`Qb+QTB+ KQ/2HbX Ai Bb Q#pBQmb i?i M 2HbiB+ T2F i
KQK2MimK Q BKTHB2b bQK2 bQ`i Q7 Q`/2`BM; rBi? rp2p2+iQ` Q- #mi bB/2 7`QK i?Bb 72r
ii2KTib ?p2 #22M K/2 iQ 2ti`+i BM7Q`KiBQM 7`QK _1sa bT2+i`X b M 2tKTH2 Q7
_1sa /i U2tKBM2/ BM /2iBH #2HQrV- +QMbB/2` BM 6B;X RXk /i 7`QK _27X (8) b?QrBM;
Rd6B;m`2 RXR, PmiHBM2 Q7 _1sa 2tT2`BK2Mib 7Q` /2i2+iBM; +?`;2 /2MbBiv rp2 Q`/2`X  T?QiQM Bb
#bQ`#2/- 2t+BiBM;  +Q`2 2H2+i`QM iQ i?2 pH2M+2 #M/X h?Bb T?QiQ2H2+i`QM Bb b+ii2`2/ 2HbiB+HHv
#v i?2 +?`;2 /2MbBiv rp2 TQi2MiBH- BKT`iBM;  KQK2MimK QX h?2 T?QiQ2H2+i`QM `2@}HHb i?2
+Q`2 ?QH2 M/  T?QiQM Bb `2@2KBii2/X h?2 T`Q+2bb BKT`ib  KQK2MimK −Q iQ i?2 b+ii2`2/ T?Q@
iQMX
i?2 _1sa BMi2MbBiv b  7mM+iBQM Q7 BM+B/2Mi T?QiQM 2M2`;v ω iF2M i i?2 +QMbiMi
KQK2MimK Ĝ i?2 +?`;2 /2MbBiv rp2 rp2p2+iQ` Q7 mM/2`/QT2/ G"*P- ;Bp2M #v i?2
T2F BM KQK2MimK bT+2X .i `2 b?QrM 7Q` irQ `2bQMM+2b- QM2 7Q` 2+? ivT2 Q7
iQK- +QTT2` M/ Qtv;2M- BM i?2 *mP2 +QM/m+iBM; Hv2`bX h?2 Q#pBQmb [m2biBQM Bb, r?v
`2 i?2`2 irQ T2Fb BM i?2 Qtv;2M bT2+i`mK\ >Qr2p2`- QM2 b?QmH/ HbQ rQM/2` r?i
i?2B` b2T`iBQMb M/ `2HiBp2 ?2B;?ib K2M- M/ r?v i?2 +QTT2` `2bQMM+2 2t?B#Bib QMHv
QM2 T2FX 6m`i?2`KQ`2- QM2 b?QmH/ rQM/2` r?v i?2`2 M22/ #2 Mv T2Fb i HH5 .m2
iQ UiQQ Km+?V 2tT2`B2M+2 rBi? MQM@`2bQMMi t@`v b+ii2`BM; M/ #bQ`TiBQM- Bi Bb mbm@
HHv bbmK2/ i?i i?2 HQr2`@2M2`;v T2F +QK2b 7`QK i?2 62`KB 2/;2X >Qr2p2`- i?2`2
Bb MQ `2bQM iQ #2HB2p2 i?i `2bQMMi t@`v b+ii2`BM; i  T`iB+mH` KQK2MimK ?b
MHQ;Qmb T?2MQK2MQHQ;vX AM 7+i- r2 rBHH b22 #2HQr i?i M2Bi?2` T2F Bb `2Hi2/ iQ i?2
62`KB H2p2HX
R36B;m`2 RXk, _1sa /i- BMi2MbBiv p2`bmb BM+B/2Mi T?QiQM 2M2`;v i +QMbiMi KQK2MimK- 7`QK
mM/2`/QT2/ G"*P8 2t?B#BiBM; MQM@i`BpBH T2F bi`m+im`2X
lT iQ MQr- KQbi 2zQ`ib iQ BMi2`T`2i `2bQMMi t@`v /Bz`+iBQM U_s.V 2tT2`BK2Mib
?p2 /Ti2/ i?2 mb2 Q7 iQKB+ 7Q`K 7+iQ`b 7`QK t@`v +`vbiHHQ;`T?ve-8-9e-jkX h?2
7Q`K 7+iQ` +QM+2Ti bbmK2b QTiB+H HQ+HBiv- r?B+? Bb pHB/ 7Q` Q`/BM`v t@`v /Bz`+@
iBQM r?2`2 BKKQ#BH2 +Q`2 2H2+i`QMb /QKBMi2- #mi #`2Fb /QrM BM i?2 `2bQMMi +b2 B7
pH2M+2 bii2b `2 /2HQ+HBx2/X aQK2 mi?Q`b ?p2 ii2KTi2/ iQ ++QmMi 7Q` i?Bb MQMHQ@
+HBiv #v /2}MBM; i?2 7Q`K 7+iQ` BM i2`Kb Q7  +Hmbi2`- `i?2` i?M  bBM;H2 iQKNk-jyX
"mi 2p2M i?Bb TT`Q+? b?QmH/ #`2F /QrM B7 pH2M+2 bii2b `2 T`QT;iBM; [mbBT`@
iB+H2bX "bB+HHv- i?2 7Q`K 7+iQ` TT`Q+? bbmK2b i?i 2H2+i`QMb +M MQi KQp2 M/
#2?p2 b biiB+ /BTQH2 Qb+BHHiQ`b-  /m#BQmb TT`QtBKiBQM r?2M /2HBM; rBi? +QM@
/m+iBM; Ki2`BHbX _2+2Mi rQ`F Q7 ##KQMi2 2i HX9 b?Qr2/ i?i M2;H2+iBM; i?2 }MBi2
HB72iBK2 Q7 +Q`2 ?QH2b M/ BMi2`+iBQM Q7 +QM/m+iBQM 2H2+i`QMb rBi? +Q`2 ?QH2b HHQrb QM2
iQ `2Hi2 _1sa bT2+i` iQ i?2 HQ+H 2H2+i`QM :`22MǶb 7mM+iBQM K2bm`2/ BM ahJX >Qr@
RN2p2`- i?2b2 M2;H2+i2/ 2z2+ib `2 2tT2+i2/ iQ THv M BKTQ`iMi `QH2 M/ Bi Bb MQi +H2`
?Qr ++m`i2Hv bm+?  bBKTHB}2/ MHvbBb +M 2tTHBM _1sa bT2+i` BM `2H Ki2`BHbX
M TT`Q+? #b2/ QM i?2 "2i?2@aHT2i2` 2[miBQM39 +Tim`2b 2t+BiQMB+ 2z2+ib Q7 i?2
+Q`2 ?QH2 #mi B;MQ`2b i?2 7mHH KMv@#Q/v +?`+i2` Q7 i?2 +Q`2 ?QH2@62`KB b2 BMi2`+@
iBQM- BM+Hm/BM; i?2 Q`i?Q;QMHBiv +ibi`QT?2X h?2 bii2 Q7 zB`b BM _1sa b?QmH/ #2
+QMi`bi2/ iQ i?2 KQ`2 2bi#HBb?2/ T`Q#2b Q7 +QM/m+iBQM 2H2+i`QMb- _S1ak9-ed-R3 M/
ahJjj-93-dk-RRy-9N-RRN- r?2`2 Bi Bb Q7i2M TQbbB#H2 iQ `2/ Qz bT2+i`H 7mM+iBQMb /B`2+iHv
7`QK K2bm`2K2Mib- 7+BHBiiBM; i?2 +QKT`BbQM Q7 i?2Q`2iB+H KQ/2Hb rBi? 2tT2`BK2M@
iH `2bmHibX
AM i?Bb +?Ti2` r2 T`2b2Mi i?2 }`bi KB+`Qb+QTB+ KQ/2H Q7 _1sa BM bvbi2Kb rBi? +?`;2
Q`/2` BM i?2 +QM/m+iBQM #M/- bm+? b bi`BT2/ ?B;?@hc +mT`i2bRyj-RR8-93-88-dj-RRk-R9-RkyX
q2 /2p2HQT  i?2Q`2iB+H TT`Q+? i?i HHQrb mb iQ MHvx2 _1sa bT2+i` BM i?2 +b2
Q7 BiBM2`Mi +QM/m+iBQM 2H2+i`QMb M/ BM+Hm/2 `2HBbiB+ #M/ bi`m+im`2bX Pm` 7Q`KHBbK
i`2ib 2t+iHv 2t+BiQMB+ 2z2+ib M/ i?2 Q`i?Q;QMHBiv +ibi`QT?2 `BbBM; 7`QK i?2 BM@
i2`+iBQM Q7 +QM/m+iBQM 2H2+i`QMb rBi? +Q`2 ?QH2b b r2HH b }MBi2 HB72iBK2 Q7 +Q`2 ?QH2bX
q2 b?Qr i?i i?2 irQ@T2F bT2+i`mK Q#b2`p2/ BM 2tT2`BK2Mib i i?2 P E 2/;2 Q7
G1.875"0.125*mP4
8-jk +M #2 2tTHBM2/ #v /vMKB+H M2biBM; Q7 i?2 ǳbiM/`/Ǵ #M/
bi`m+im`2 Q7 +mT`i2b Ub22 6B;m`2b URXjV M/ URX9VVX q2 }M/ i?i BMi2`+iBQM Q7 +QM/m+@
iBQM 2H2+i`QMb rBi? i?2 +Q`2 ?QH2 +?M;2b i?2 bT2+i`mK bB;MB}+MiHvX 6Q`  T?vbB+HHv
`2bQM#H2 +Q`2 ?QH2 TQi2MiBH r2 Q#iBM [mMiBiiBp2 ;`22K2Mi rBi? i?2 2tT2`BK2MiH
/i QM mM/2`/QT2/ G1.875"0.125*mP4 UG"*PV M2` i?2 Rf3@MQKHv8 UbBKBH` bT2+@
i` r2`2 Q#b2`p2/ 7Q` G1.8−x1m0.2a`x*mP4UG1a*PV BMjkVX Pm` `2bmHib bm;;2bi i?i
_1sa i i?2 P E 2/;2 +M #2 /B`2+iHv +QMM2+i2/ iQ i?2 FMQrM [mbBT`iB+H2 #M/
bi`m+im`2- T`QpB/BM;  M2r- #mHF@b2MbBiBp2 K2bm`2 Q7 i?2 bT2+i`H 7mM+iBQM i?i Bb +QK@
TH2K2Mi`v iQ _S1a M/ ahJ i2+?MB[m2bX
kyh?Bb +?Ti2` Bb Q`;MBx2/ b 7QHHQrbX q2 /2p2HQT  ;2M2`H 7Q`KHBbK 7Q` MHvxBM;
2HbiB+ _1sa BM bvbi2Kb rBi? +?`;2 Q`/2` BM i?2 +QM/m+iBQM #M/X q2 i?2M TTHv Qm`
7Q`KHBbK iQ i?2 T2`BQ/@9 +?`;2 KQ/mHiBQM Q7 mM/2`/QT2/ +mT`i2 bmT2`+QM/m+iQ`bX
q2 ;Bp2  bBKTH2 [mHBiiBp2 /Bb++mbbBQM Q7 i?2 +H+mHi2/ bT2+i` M/ +QKT`2 i?2K iQ
2tT2`BK2MibX
RXk h?2Q`2iB+H 7Q`KHBbK
6QHHQrBM; _27X (9) r2 +QMbB/2` M 2z2+iBp2 bBM;H2 #M/ KQ/2H /2b+`B#BM; `2bQMMi #@
bQ`TiBQM M/ 2KBbbBQM Q7 T?QiQMb
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>2`2 cj M/ dj `2 MMB?BHiBQM QT2`iQ`b Q7 2H2+i`QMb QM bBi2 j BM i?2 +Q`2 Q`#BiH
M/ +QM/m+iBQM #M/ `2bT2+iBp2Hv- ak,λ MMB?BHi2b  T?QiQM rBi? KQK2MimK k M/
TQH`BxiBQM ˆ εk,λ- M/ V (k,λ) `2 Ki`Bt 2H2K2Mib r?Qb2 T`2+Bb2 7Q`K Bb MQi BKTQ`iMi
iQ mbX _2bQMMi b+ii2`BM; Bb  b2+QM/ Q`/2` T`Q+2bb BM Hint
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URXkV
>2`2 |i⟩ Bb i?2 BMBiBH bii2 Q7 i?2 bvbi2K rBi? N 2H2+i`QMb BM i?2 +QM/m+iBQM #M/- MQ
+Q`2 ?QH2b- M/ QM2 BM+QKBM; T?QiQM rBi? KQK2MimK kic |n⟩ Bb i?2 BMi2`K2/Bi2 bii2
rBi? QM2 +Q`2 ?QH2 M/ QM2 2ti` 2H2+i`QM BM i?2 +QM/m+iBQM #M/- M/ MQ T?QiQMbc |f⟩
Bb i?2 }MH bii2 rBi? i?2 +Q`2 H2p2Hb }HH2/ ;BM- N 2H2+i`QMb BM i?2 +QM/m+iBQM #M/
M/ QM2 Qmi;QBM; T?QiQM rBi? KQK2MimK kfX Ei M/ En `2 2M2`;B2b Q7 i?2 BMBiBH M/
BMi2`K2/Bi2 2H2+i`QM bii2b- `2bT2+iBp2HvX LQi2 i?i i?2 Hii2` BM+Hm/2b i?2 TQi2MiBH Q7
kRi?2 +Q`2 ?QH2X Γ Bb i?2 /2+v `i2 Q7 i?2 +Q`2 ?QH2- BM+Hm/BM; `/BiBp2 M/ MQM@`/BiBp2
T`Q+2bb2bX q2 7Q+mb QM 2HbiB+ b+ii2`BM; #v Q`/2`BM; rp2p2+iQ` Q r?2`2 r2 +M iF2
|f⟩ = |i⟩ M/ kf = ki + QX
"2+mb2 i?2 +Q`2 ?QH2 Bb BKKQ#BH2 Bi Kmbi #2 `2@}HH2/ QM i?2 bK2 bBi2 j QM r?B+? Bi
Bb +`2i2/ M/ Bi Kv #2 bm#bmK2/ BMiQ  biiB+ TQi2MiBH i?i +ib QM i?2 +QM/m+iBQM
2H2+i`QMb Q7 i?2 BMi2`K2/Bi2 bii2X h?2 +Q`2 ?QH2 +QMi`B#mi2b i?2 i`BpBH Ki`Bt 2H2K2Mi
⟨1|c
†
j|0⟩⟨0|cj|1⟩ =1M/ r2 +M T2`7Q`K i?2 bK2 KMBTmHiBQMb b BM i?2 BMi`Q/m+iBQM
iQ Tbb 7`QK i?2 2M2`;v /QKBM iQ i?2 iBK2 /QKBM- r?B+? Bb +QMp2MB2Mi bBM+2 i`MbB2Mi
bii2 2B;2Mbii2b `2 MQi 2B;2Mbii2b Q7 H0X
I(ω,Q) ∝
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, URX9V
r?2`2 Sjσ(t)=⟨i|djσe−iH1(j)td
†
jσe−iH0t|i⟩X qBi?Qmi  +Q`2 ?QH2 TQi2MiBH- H1(j)=H0
M/ Sjσ(t) `2/m+2b 2bb2MiBHHv iQ i?2 `2i`/2/ :`22MǶb 7mM+iBQM9X >2`2 i?2 Ki`Bt 2H2@
K2Mib M/ QT2`iQ`b `272` QMHv iQ i?2 +QM/m+iBQM 2H2+i`QM 6Q+F bT+2X A7 r2 K2bm`2
T?QiQM 7`2[m2M+B2b `2HiBp2 iQ i?2 /Bz2`2M+2 #2ir22M i?2 +?2KB+H TQi2MiBH Q7 i?2 +QM@
/m+iBQM #M/ µ M/ i?2 2M2`;v Q7 i?2 +Q`2 bii2 2H2+i`QM ξc- ω′ = ω − (µ − ξc)- r2 +M
b2i Ei =0bQ i?i H0|i⟩ =0 X h?2 BMi2`K2/Bi2 bii2b |n⟩ `2 2B;2Mbii2b Q7
H1(j)=H0 + U(r − rj), URX8V
r?2`2 U Bb i?2 TQi2MiBH /m2 iQ i?2 +Q`2 ?QH2 i bBi2 j M/ H0 Bb ;Bp2M BM i?2 ;`M/
+MQMB+H 2Mb2K#H2X 1[miBQM UjXkV HbQ TTHB2b iQ  i?2`KH 2Mb2K#H2 i i2KT2`im`2
kkT =1 /β- T`QpB/2/ i?i r2 mb2
Sjσ(t)=
tr
 
djσe−iH1td
†
jσe−βH0
 
tr[e−βH0]
. URXeV
q2 bi`2bb i?i i?2 i`+2 ?2`2 Bb iF2M rBi? `2bT2+i iQ 6Q+F bT+2X
q2 2KT?bBx2 i?i 2[miBQMb UjXkV@U RXeV `2 p2`v ;2M2`H M/ TTHv 7Q` M `#Bi``v
BMi2`+iBM; >KBHiQMBM Q7 +QM/m+iBQM #M/ 2H2+i`QMb H0X q?BH2 1[X RXe rb 7Q`KmHi2/
7Q` i?2 bBM;H2 #M/ +b2- Bi +M #2 ;2M2`HBx2/ iQ i?2 KmHiB Q`#BiH +b2 #v //BM;
Q`#BiH BM/B+2b iQ 2H2+i`QM QT2`iQ`b M/ `2biQ`BM; Q`#BiH@/2T2M/2Mi Ki`Bt 2H2K2Mib 7Q`
#bQ`TiBQM M/ 2KBbbBQMX AM i?2 `2KBM/2` Q7 i?Bb +?Ti2` r2 rBHH HBKBi Qm` /Bb+mbbBQM
iQ i?2 KQ/2H Q7 MQM@BMi2`+iBM; 2H2+i`QMbX h?Bb bBKTHB7vBM; bbmKTiBQM Bb DmbiB}2/ b
HQM; b i?2 HB72iBK2 Q7 2H2+i`QM bii2b BM i?2 +QM/m+iBQM #M/ Bb HQM;2` i?M i?2 HB72iBK2
Q7 i?2 +Q`2 ?QH2 Γ−1 Ub22 HbQ i?2 /Bb+mbbBQM #2HQrVX
h?2 i`+2 BM 1[X URXeV Bb `2KBMBb+2Mi Q7 i?2 Q`i?Q;QMHBiv +ibi`QT?2 Q7 t@`v #@
bQ`TiBQMe3-dN M/ i?2 62`KB 2/;2 bBM;mH`Biv Q7 K2bQb+QTB+ i`MbTQ`id9-kX Ai 2tT`2bb2b
i?2 KMv@#Q/v Qp2`HT Q7 i?2 BMBiBH 62`KB b2 rBi? i?2 T2`im`#2/ 62`KB b2 i?i iBK2
2pQHp2b mM/2` H1 M/ i?2 bBM;H2@T`iB+H2 /vMKB+b Q7 i?2 2ti` 2H2+i`QM BMD2+i2/ BMiQ
i?2 +QM/m+iBQM #M/ i bBi2 jX Ai Bb Q7 i?2 bK2 7Q`K b i?2 2H2K2Mi`v 7Q`KmHb r2
2tKBM2/ BM i?2 BMi`Q/m+iBQM- #mi rBi? i?2 BMb2`iBQM Q7 QM2 2H2+i`QM +`2iBQM QT2`iQ`
M/ QM2 MMB?BHiBQM QT2`iQ`X b K2MiBQM2/ #Qp2- i?2 7mM+iBQMH /2i2`KBMMi 7Q`@
KHBbK 2ti2M/b iQ i?2 +b2 Q7 72`KBQM BMb2`iBQMb rBi? MQ ;`2i /B{+mHiv Q` BM+`2b2 BM
+QKTH2tBivkj-8dX G2pBM; i?2 /2`BpiBQM Q7 i?Bb ;2M2`HBx2/ 7Q`KmH iQ TT2M/Bt *-r 2
Q#iBM
Sj(t)=d e t
 
(1 − ˆ N)+e−ih1t ˆ N
 2
 
ˆ N
1 − ˆ N
+ eih1t
 −1
jj
, URXdV
kjr?2`2 ˆ N ≡ (1 + exp(βh0))−1X Ub  `2KBM/2`- r2 mb2 i?`Qm;?Qmi i?Bb i?2bBb i?2 +QM@
p2MiBQM i?i HQr2`+b2 H2ii2`b /2MQi2 i?2 Ki`Bt 2H2K2Mib +Q``2bTQM/BM; iQ  [m/`iB+
KMv@#Q/v QT2`iQ`- /2MQi2/ BM mTT2`+b2VX h?2 /2i2`KBMMiH 7+iQ` +Q``2bTQM/b iQ
i?2 KMv@T`iB+H2 /vMKB+b Q7 i?2 62`KB b2 M/ Bb b[m`2/ /m2 iQ i?2 T`2b2M+2 Q7 irQ
bTBM bT2+B2b `2;`/H2bb Q7 i?2 bTBM Q7 i?2 T?QiQ@2t+Bi2/ 2H2+i`QMX PM2 +M BMi2`T`2i Bi
b 7QHHQrb, i?2 `;mK2Mi BMbB/2 i?2 /2i2`KBMMi Bb M QT2`iQ` i?i iBK2@2pQHp2b QMHv
i?Qb2 bii2b i?i `2 BMBiBHHv Q++mTB2/- M/ iFBM; i?2 /2i2`KBMMi +QKTmi2b M Qp2`@
HT Q7 aHi2` bii2bX h?2 Ki`Bt 2H2K2Mi T`i +Q``2bTQM/b iQ bBM;H2@T`iB+H2 /vMKB+b
Q7 i?2 BMi2`K2/Bi2 T?QiQ2H2+i`QMX Ai Bb  HQ+H :`22MǶb 7mM+iBQM 7Q` T`QT;iBQM Q7 
bBM;H2 2H2+i`QM 7`QK bBi2 j iQ bBi2 j- KQ/B}2/ #v i?2 SmHB@#HQ+FBM; i2`K N/(1 − N)X
6Q` T2`BQ/@p Q`/2`- QM2 M22/b iQ bmK Qp2` p BM2[mBpH2Mi bBi2b jX h?2 /2i2`KBMMi +M
#2 2pHmi2/ 2{+B2MiHv 7Q`  }MBi2 bvbi2K- +QMp2`;BM; #v  bvbi2K bBx2 Q7 25 × 25 UM
p2`;2 T2`bQMH +QKTmi2` +M ?M/H2 bvbi2K bBx2b Q7 40 × 40 BM H2bb i?M M ?Qm`VX
1[bX UjXkV M/ URXdV +QMbiBimi2  +QMp2MB2Mi 7Q`KmH 7Q` +H+mHiBM; _1sa bT2+i` BM i?2
TT`QtBKiBQM Q7 MQMBMi2`+iBM; 2H2+i`QMbX h?2v i`2i 2t+iHv BMi2`+iBQM Q7 2H2+i`QMb
rBi? i?2 +Q`2 ?QH2 TQi2MiBH M/ }MBi2 HB72iBK2 Q7 i?2 +Q`2 ?QH2X
RXj _1sa Q7 +mT`i2 bmT2`+QM/m+iQ`b
"27Q`2 r2 TTHv i?2 #Qp2 7Q`KHBbK iQ i?2 +mT`i2 bmT2`+QM/m+iQ`b- Bi Bb rQ`i? K2M@
iBQMBM; T`2pBQmb ii2KTib iQ BMi2`T`2i i?2 /i T`2b2Mi2/ BM 6B;X RXkX h?Bb bmKK`v Bb
M2+2bb`BHv `i?2` #`B27 Ĝ /2bTBi2 i?2 bB;MB}+M+2 Q7 i?2b2 /i b i?2 }`bi /B`2+i T`QQ7
Q7 *.q Q`/2` BM i?2 +mT`i2b- i?2`2 rb MQ b2`BQmb [mMiBiiBp2 MHvbBb Q7 i?2K 7Q`
2B;?i v2`b- r?2M i?2 rQ`F Q7 i?Bb +?Ti2` rb /QM2X h?2`2 rb- ?Qr2p2`-  bQK2r?i
?M/@rpBM; BMi2`T`2iiBQM- r?B+? rb iQ b+`B#2 i?2 irQ T2Fb BM 6B;X RXk iQ i?2 HQr2`
k9M/ mTT2` >m##`/ #M/bX h?2 7+i i?i i?2b2 T2Fb Q++m``2/ MQi BM #bQ`TiBQM- #mi
BM _1sa i  MQM@x2`Q *.q rp2p2+iQ` Q- rQmH/ BKTHv bQK2 i`MbHiBQMH bvKK2@
i`v #`2FBM; `2Hi2/ iQ i?Bb JQii BMbmHiBM; T?vbB+b- M/ i?mb i?2 B/2 rb i?i i?2
bKTH2b BM [m2biBQM 2t?B#Bi2/ ǳbTiBHHv@KQ/mHi2/ JQiiM2bbXǴ .m2 T2`?Tb iQ i?2 H+F
Q7 Mv #2ii2` 2tTHMiBQM- KQbi Q7  /2+/2 Tbb2/ #27Q`2 M Q#pBQmb T`Q#H2K rBi?
i?Bb 2tTHMiBQM rb TQBMi2/ Qmi BM i?2 HBi2`im`2, i?2 b2T`iBQM #2ir22M T2Fb BM i?2
_1sa 2tT2`BK2Mib QM G"*P M/ G1a*P Bb bHB;?iHv H2bb i?M RX8 2o- r?BH2 i?2 bKHH2bi
JQii ;Tb BM +mT`i2b `2 `QmM/ kXy 2oX AM T`iB+mH`- t@`v #bQ`TiBQM /i T2`7Q`K2/
QM i?2 bK2 bKTH2b /Q MQi +QMiBM irQ T2Fb b2T`iBQM #v  ;T Ki+?BM; i?i Q7
_1saX AM //BiBQM iQ i?Bb BM+QMbBbi2M+v- QM2 +QmH/ HbQ TQBMi Qmi i?i BM i?2 +mT`i2b-
JQii@>m##`/ T?vbB+b Bb T`BK`BHv `2Hi2/ iQ /Qm#H2 Q++mTM+v Q7  +QTT2` bBi2- M/
i?mb BM  KQ/2H Q7 bTiBHHv@KQ/mHi2/ JQiiM2bb QM2 rQmH/ 2tT2+i i?2 +QTT2` _1sa
`2bQMM+2 iQ b?Qr  KQ`2 T`QMQmM+2/ /Qm#H2 T2F bi`m+im`2 i?M i?2 Qtv;2M `2bQMM+2-
BM +QMi`bi iQ i?2 +imH /iX :Bp2M r?i r2`2- BM Qm` QTBMBQM- 7mM/K2MiH /272+ib
Q7 i?Bb BMi2`T`2iiBQM- r2 rQM/2`2/ ?Qr r2HH  bBKTH2 [mbBT`iB+H2 KQ/2H +QmH/ 2tTHBM
i?2 /iX
q2 TTHv 1[bX UjXkV M/ URXdV iQ +?`;2 Q`/2` BM M 2z2+iBp2 QM2@#M/ KQ/2H Q7 i?2
+mT`i2b
H0 =
 
k
ξkd
†
kdk + V
 
k
 
d
†
k+Qdk + d
†
kdk+Q
 
. URX3V
1[X RX3 Bb  K2M@}2H/ /2b+`BTiBQM Q7  bii2 rBi? +?`;2 Q`/2`3j-88-99-RRk-Nj-RRd-dR Ai
T`QpB/2b  T?2MQK2MQHQ;B+H /2b+`BTiBQM Q7 +?`;2 Q`/2`2/ bii2b `2;`/H2bb Q7 Bib KB@
+`Qb+QTB+ Q`B;BMX SQbbB#H2 K2+?MBbKb Kv BM+Hm/2 2H2+i`QM@2H2+i`QM BMi2`+iBQMb- BM
r?B+? +b2 +?`;2 Q`/2` Bb Q7i2M `272``2/ iQ b bi`BT2bRky-NR- Q` Bi Kv #2 /m2 iQ M2biBM;
k86B;m`2 RXj, *H+mHi2/ _1sa bT2+i`mK 7Q` T2`BQ/@9 +?`;2 Q`/2` 7Q` i?2 +MQMB+H +mT`i2 #M/@
bi`m+im`2 UT`K2i2`b ;Bp2M #2HQr 1[X URX3VV M/ +Q`2 ?QH2 TQi2MiBH U0 = −250 K2oX >Q`BxQMiH
tBb b?Qrb b?B7i2/ 2M2`;v ω′ Q7 b+ii2`2/ T?QiQMb- r?2`2 ω′ =0Bb i?2 2M2`;v `2[mB`2/ iQ 2t+Bi2
 +Q`2 2H2+i`QM iQ Ef BM i?2 #b2M+2 Q7  +Q`2 ?QH2 TQi2MiBH- p2`iB+H tBb Bb BMi2MbBiv Q7 2HbiB+
b+ii2`BM; U`#Bi``v mMBibVX a[m`2b ;Bp2 2tT2`BK2MiH /i 7Q` G"*P 7`QK _27X (8)X LQi2 i?i
i?2 TQbBiBQM Q7 i?2 }`bi T2F Bb MQi EfX Ai Bb /2i2`KBM2/ #v #Qi? i?2 /vMKB+ M2biBM; M/ i?2 +Q`2
?QH2 TQi2MiBHX
Q7 i?2 62`KB bm`7+2 M/ 2H2+i`QM@T?QMQM BMi2`+iBQMbee-N8-NX
q2 mb2 i?2 iB;?i@#BM/BM; /BbT2`bBQM ξk = −
 
r eik·rtr − µ M/ T`K2i2`b t(1,0) =
340,t (1,1) = −32,t (2,0) = 25,t (2,1) = 31 K2o +?`+i2`BbiB+ Q7 G"*PeNX 6Q` bBKTHB+Biv
r2 B;MQ`2 kz /BbT2`bBQM- r?B+? rQmH/ i KQbi bK2` 2M2`;v T2Fb #v M KQmMi tz  
8y K2oeNX 6B;m`2 URXjV T`2b2Mib  _1sa bT2+i`mK 7Q`  +QMi+i +Q`2 ?QH2 TQi2MiBH
U(r−rj)=U0δr,rjX q2 ?p2 HbQ +H+mHi2/ bT2+i` mbBM; umFr TQi2MiBHb Q7 p`BQmb
`M;2b M/ 7QmM/ bBKBH` `2bmHib Ub22 TT2M/Bt "VX q2 ?p2 +?Qb2M  `2HBbiB+ +Q`2 ?QH2
HB72iBK2 Γ = 250 K2oX
6B;m`2 RXj b?Qrb +H+mHi2/ BMi2MbBiv Q7 _1sa b  7mM+iBQM Q7 BMBiBH T?QiQM 2M2`;vX
h?2 irQ T2F bi`m+im`2 Q7 i?2 bT2+i`mK Bb BM ;QQ/ ;`22K2Mi rBi? 2tT2`BK2MiH }M/@
BM;b8-jkX h?2`2 Bb  bBKTH2 T?vbB+H `;mK2Mi r?B+? b?Qrb i?i i?2 irQ T2F bi`m+im`2
keBb  `Q#mbi 72im`2 Q7 i?2 +MQMB+H #M/ bi`m+im`2 Q7 ?B;? h+ +mT`i2bX G2i mb +QMbB/2`
i?2 bBKTHB7vBM; HBKBi Q7 x2`Q +Q`2 ?QH2 TQi2MiBHX AM i?Bb +b2 i?2 BMi2`K2/Bi2 2B;2Mbii2b
`2 Q#iBM2/ #v //BM; M 2H2+i`QM BM bQK2 2B;2Mbii2 |φ⟩ Q7 H0 iQ i?2 62`KB b2- M/
i?2 2M2`;v /QKBM 2tT`2bbBQM 1[X URXjV `2/m+2b iQ
I(ω,Q) ∝
 
   
   
 
 
j,φ
e−iQ·Rj (1 − nF(Eφ))|⟨φ|j⟩|
2
Ei − Eφ + ω + iΓ/2
 
   
   
 
2
. URXNV
lMQ++mTB2/ bii2b φ +QMi`B#mi2 bi`QM;Hv r?2M i?2B` 2M2`;v Bb BM `2bQMM+2 M/ i?2
6Qm`B2` i`Mb7Q`K Q7 i?2B` /2MbBiv i rp2p2+iQ` Q Bb H`;2X AM i?2 T`2b2M+2 Q7  *.q
TQi2MiBH- "HQ+? bii2b b2T`i2/ #v rp2p2+iQ` Q ?v#`B/Bx2 iQ 7Q`K 2B;2Mbii2b rBi?
MQM@i`BpBH /2MbBivX h?Bb Q++m`b KQbi `2/BHv r?2M ξk,ξ k+Q `2 M2`Hv /2;2M2`i2X h?2
_1sa BMi2MbBiv i 2M2`;v E +QK2b 7`QK TQBMib QM i?2 bm`7+2 Q7 +QMbiMi 2M2`;v E
i?i `2 b2T`i2/ #v rp2p2+iQ` Q3jX lbmHHv i?2b2 `2 BbQHi2/ TB`b Q7 TQBMib- #mi i
+2`iBM 2M2`;B2b i?2 bm`7+2b `2 M2bi2/ bQ i?i b2+iBQMb b2T`i2/ #v Q KQp2 BM T`HH2H
Ub22 6B;m`2 URX9VVX i i?2b2 2M2`;B2b i?2`2 Bb  H`;2 /2MbBiv Q7 ?v#`B/Bx2/ bii2bX h?Bb
Bb i?2 T?2MQK2MQM Q7 /vMKB+ M2biBM;X q?BH2 62`KB bm`7+2 M2biBM;- r?B+? Bb Dmbi
/vMKB+ M2biBM; i E = Ef- Bb mM+QKKQM- /vMKB+ M2biBM; Bb  ;2M2`B+ +QMb2[m2M+2
Q7 bvKK2i`vX *QMbB/2` i?2 irQ@/BK2MbBQMH +mT`i2 "`BHHQmBM xQM2 M/ T2`BQ/@9 *.q
rp2p2+iQ` Q =( π/2,0)X Mv "HQ+? bii2 |k⟩ QM i?2 HBM2b kx = −π/4 M/ kx =3 π/4 Bb
/2;2M2`i2 rBi? |k + Q⟩X *QMbiMi 2M2`;v +QMiQm`b rBi? b2;K2Mib iM;2Mi iQ i?2 HBM2
kx = −π/4(−3π/4) HbQ ?p2 b2;K2Mib iM;2Mi iQ kx = π/4(3π/4)c i?2b2 bvKK2i`v@
2[mBpH2Mi b2;K2Mib `2 /vMKB+HHv M2bi2/X 62`KB bm`7+2 M2biBM; Bb MQi ;2M2`B+ #2+mb2
i?2`2 Bb MQ T`iB+mH` `2bQM r?v i?2 T`iB+mH` +QMiQm` E = Ef b?QmH/ #2 iM;2Mi iQ
i?2 HBM2b UQ`- BM i?`22 /BK2MbBQMb-  THM2VX .vMKB+ M2biBM;- QM i?2 Qi?2` ?M/- Q++m`b
r?2M bQK2 2M2`;v +QMiQm` Bb iM;2Mi iQ i?2 HBM2bX 6Q` Qm` +?QB+2 Q7 G"*P ?QTTBM;
kd6B;m`2 RX9, .vMKB+ M2biBM; BM i?2 +mT`i2 #M/ bi`m+im`2X L2bi2/ b2;K2Mib Q7 i?2 E = Ef +
0.12 2o M/ E = Ef +1 .49 2o +QMiQm`b `2 b?QrM BM #Hm2 M/ `2/X h?2 62`KB bm`7+2 Bb b?QrM BM
#H+FX h?2 HBM2b kx = −3π/4,−π/4,π,4,3π/4 U/b?2/V `2  pBbmH ;mB/2X
bi`2M;i?b i?2 2M2`;v +QMiQm`b 2t?B#BiBM; /vMKB+ M2biBM; +Q``2bTQM/ iQ 2M2`;B2b yXR 2o
M/ RX8 2o #Qp2 i?2 62`KB H2p2HĜ r?B+? `2 b2T`i2/ #v M2`Hv i?2 bK2 KQmMi b
_1sa T2FbX h?2 bKHH /Bb+`2TM+v Bb /m2 iQ i?2 i2M/2M+v Q7 i?2 +Q`2 ?QH2 TQi2MiBH
iQ rB/2M i?2 /BbiM+2 #2ir22M T2Fb M/ pMBb?2b r?2M r2 b2i U0 =0Ub22 TT2M/Bt
"VX
 bBKTHB}2/ KQ/2H M2;H2+iBM; i?2 +Q`2 ?QH2 TQi2MiBH 2tTHBMb i?2 bT2+i`mK M/ Bib
irQ T2Fb [mHBiiBp2Hv #mi /Q2b MQi ;Bp2 i?2 +Q``2+i `2HiBp2 r2B;?ib Q7 i?2 irQ T2FbX
AM+Hm/BM; i?2 +Q`2 ?QH2 TQi2MiBH vB2H/b [mMiBiiBp2 ;`22K2Mi rBi? 2tT2`BK2MibX h?2
k3+Q`2 ?QH2 TQi2MiBH ?b  r2F 2z2+i QM i?2 2M2`;v b2T`iBQM #2ir22M i?2 irQ T2Fb
#mi /`KiB+HHv /2+`2b2b i?2 BMi2MbBiv Q7 i?2 ?B;?@2M2`;v T2FX  +Q`2 ?QH2 TQi2MiBH
bi`2M;i? U0 = −250 K2o- r?B+? Bb `2bQM#H2 7Q`  b+`22M2/ +Q`2 ?QH2 BMi2`+iBM;
rBi? +QM/m+iBQM 2H2+i`QMb- `2T`Q/m+2b i?2 2tT2`BK2MiH `iBQb Q7 T2F BMi2MbBiB2bX 
MQM@T?vbB+H `2TmHbBp2 +Q`2 ?QH2 /2+`2b2b i?2 BMi2MbBiv Q7 i?2 HQr@2M2`;v T2FX h?2
/Bb+mbbBQM Q7 _27X (9) +QMM2+iBM; i?2 _1sa bT2+i`mK iQ i?2 2H2+i`QM bT2+i`H 7mM+iBQM
i?mb `2KBMb H`;2Hv ++m`i2 BM i?2 T`2b2M+2 Q7  r2F +Q`2 ?QH2 TQi2MiBHX >Qr2p2`-
bi`QM; +Q`2 ?QH2 TQi2MiBHb vB2H/ bT2+i` rBi? [mHBiiBp2 72im`2b- bm+? b  H+F Q7 
?B;?@2M2`;v T2F- i?i ;Bp2 KBbH2/BM; +QM+HmbBQMb BM MHvb2b #b2/ QMHv QM i?2 bT2+i`H
7mM+iBQMX 6Q` 2tKTH2- r2 ii`B#mi2 i?2 #b2M+2 Q7  b2+QM/ T2F BM _1sa i i?2 *m
G3/2 2/;28 iQ  bi`QM; *m +Q`2 ?QH2 TQi2MiBHX h?2 bT2+i`mK Bb `Q#mbi iQ +?M;2b BM
i?2 +Q`2 ?QH2 HB72iBK2 Γ- r?B+? #`Q/2Mb i?2 T2Fb- M/ i?2 *.q bi`2M;i? V - r?B+?
b+H2b i?2 Qp2`HH BMi2MbBivX aKHH +?M;2b BM i?2 ?QTTBM; bi`2M;i?b ?p2 HBiiH2 2z2+ic
KmHiBTHvBM; i?2K #v  mMB7Q`K 7+iQ` z2+ib i?2 /BbiM+2 #2ir22M T2FbX
Pm` +H+mHiBQMb T`QpB/2 i?2 }`bi [mMiBiiBp2 2tTHMiBQM 7Q` i?2 irQ T2F bi`m+@
im`2 Q#b2`p2/ BM G"*P M/ G1a*P 8-jkX M 2`HB2` BMi2`T`2iiBQM Q7 i?2 irQ T2Fb
b `BbBM; 7`QK i?2 HQr2` M/ mTT2` >m##`/ #M/b- i?2 bQ@+HH2/ ǳbTiBHHv@KQ/mHi2/
JQiiM2bbǴ- rb MQi bmTTQ`i2/ #v [mMiBiiBp2 MHvbBbX JQ`2Qp2`-  b2T`iBQM Q7 ∼
RXN 2o #2ir22M T2Fb Bb 7QmM/ BM t@`v #bQ`TiBQM bT2+i`Qb+QTv UsaV Q7 G"*P M/
Ga*P3R-8X ++Q`/BM; iQ i?2 HQr2`fmTT2` >m##`/ #M/ BMi2`T`2iiBQM- BM r?B+? #2@
ir22M T2Fb i?2`2 Bb  ;T- i?2 b2T`iBQM #2ir22M T2Fb BM _1sa Kmbi #2 i H2bi
b H`;2 b i?2 b2T`iBQM BM saX h?mb r2 i?BMF i?i /vMKB+H M2biBM; Q7 i?2 #M/
bi`m+im`2 T`QpB/2b  KQ`2 Mim`H BMi2`T`2iiBQM Q7 i?2 irQ T2F bi`m+im`2 Q#b2`p2/ BM
G"*P M/ G1a*PX
kNRX9 .Bb+mbbBQM
q2 MQr +QKK2Mi QM i?2 bT2+B}+ pHm2b Q7 i?2 #M/ bi`m+im`2 i?i r2 mb2/ BM Qm`
MHvbBbX #@BMBiBQ G. +H+mHiBQMb QM Ga*P ;Bp2 t(1,0) = 430,t (1,1) = −40,t (2,0) =
30,t (2,1) = 35 K2oeN r?BH2 }iiBM; Q7 i?2 _S1a bT2+i` ;Bp2b t(1,0) = 250,t (1,1) =
−25,t (2,0) = 20,t (2,1) = 28eNX h?2 `iBQb KQM; iB;?i@#BM/BM; T`K2i2`b `2 M2`Hv
B/2MiB+H 7Q` #Qi? +b2b- bQ i?2 #M/ bi`m+im`2 Bb r2HH@FMQrM mT iQ M Qp2`HH i`mM+iBQM
7+iQ`X h?2 irQ T2F +?`+i2` Q7 i?2 _1sa bT2+i` TT2`b 7Q` #Qi? #M/ bi`m+im`2b
rBi? M2`Hv i?2 bK2 `2HiBp2 BMi2MbBiB2b Q7 i?2 irQ T2FbX q2 }M/ i?i iFBM; 2Bi?2`
i?2 G. Q` _S1a /BbT2`bBQMb ;Bp2b T2Fb b2T`i2/ #v RXd M/ RXj 2oX q2 Q#iBM i?2
#2bi }i iQ _1sa /i #v +?QQbBM; T`K2i2`b ?H7rv #2ir22M i?2 irQX q2 TQBMi Qmi
i?i Bi Bb MQi bQ bm`T`BbBM; i?i #M/ bi`m+im`2 Q#iBM2/ 7`QK i?2 _S1a /i /Q2b
MQi T`QpB/2 i?2 #2bi ;`22K2Mi rBi? i?2 _1sa bT2+i`X _S1a /i QMHv 2tBbi rBi?BM
kyy K2o Q7 i?2 62`KB bm`7+28R- r?2`2 i?2 `2MQ`KHBxiBQM 2z2+i /m2 iQ BMi2`+iBQMb Bb
bi`QM;2bi- r?BH2 r2 `2 BMi2`2bi2/ BM 72im`2b i Km+? ?B;?2` 2M2`;vX //BiBQMHHv- Bi ?b
#22M bm;;2bi2/ i?i _S1a i2M/b iQ mM/2`2biBKi2 2H2+i`QM /BbT2`bBQM `2HiBp2 iQ t@
`v 2tT2`BK2Mib8y-eNX MQi?2` BKTQ`iMi Bbbm2 Bb Qm` TT`QtBKiBQM Q7 MQM@BMi2`+iBM;
2H2+i`QMbX h?2 F2v [mMiBiv 2Mi2`BM; Qm` MHvbBb Bb  ;2M2`HBx2/ T`QT;iQ` URXeVX
h?2 2z2+i Q7 KMv@#Q/v +Q``2HiBQMb Bb iQ BMi`Q/m+2 /2+v Q7 M 2H2+i`QM BMiQ Qi?2`
2t+BiiBQMb- #mi b 7` b i?2 :`22MǶb 7mM+iBQM Bb +QM+2`M2/ i?Bb bBKTHv +QMi`B#mi2b M
BK;BM`v T`i iQ i?2 2H2+i`QMǶb b2H7@2M2`;v Ur2 bbmK2 i?i i?2 2z2+iBp2 QM2@#M/ KQ/2H
r2 mb2 ?b H`2/v BM+Q`TQ`i2/ `2MQ`KHBxiBQM pB i?2 `2H T`i Q7 b2H7@2M2`;B2bVX 6m`@
i?2`KQ`2- B7 i?2 /2+v Q7 i?2 2H2+i`QM Bb bHQr +QKT`2/ iQ i?2 /2+v Q7 i?2 +Q`2 ?QH2- Mv
#`Q/2MBM; BMi`Q/m+2/ #v 2H2+i`QM BMi2`+iBQMb rBHH #2 ?B//2M rBi?BM i?2 rB/i? ΓX *QM@
p2`b2Hv- B7 i?2 2H2+i`QM /2+vb p2`v `TB/Hv- _1sa T2Fb rBHH #2 #`Q/2M2/ BMiQ Q#HBpBQMX
jyh?2`27Q`2- i?2 T`2b2M+2 Q7 T2Fb BM M _1sa bT2+i`mK Tmib M mTT2` #QmM/ QM i?2
BK;BM`v b2H7@2M2`;v M/ BKTHB2b i?i 2t+BiiBQMb `2b2K#H2 r2HH@/2}M2/ [mbBT`iB+H2bX
h?mb _1sa- r?B+? T`Q#2b ?B;? 2M2`;v 2t+BiiBQMb- +QKTH2K2Mib K;M2iB+ Qb+BHHiBQM
2tT2`BK2Mibe8-jR-RRR- r?B+? ?p2 ;Bp2M 2pB/2M+2 7Q` r2HH /2}M2/ [mbBT`iB+H2b +HQb2 iQ
i?2 62`KB 2M2`;vX
RX8 PmiHQQF
q2 ?p2 /2p2HQT2/  KB+`Qb+QTB+ KQ/2H Q7 _1sa i?i iF2b BMiQ ++QmMi i?2 BiBM2`Mi
+?`+i2` Q7 +QM/m+iBQM #M/ 2H2+i`QMb M/ 2t+BiQMB+ 2z2+ibX q2 b?Qr2/ i?i  bBKTH2
T?vbB+H TB+im`2 Q7 /vMKB+H M2biBM; 7QmM/ BM i?2 +MQMB+H #M/ bi`m+im`2 Q7 +mT`i2b
;Bp2b `Bb2 iQ  irQ T2F bi`m+im`2- r?BH2 i?2 +Q`2 ?QH2 TQi2MiBH Bb M2+2bb`v 7Q` [mMiBi@
iBp2 ;`22K2Mi rBi? i?2 /iX Pm` MHvbBb b?Qrb i?i 2p2M i ?B;? 2M2`;B2b 2H2+i`QMB+
2t+BiiBQMb #2?p2 HBF2 bm{+B2MiHv r2HH@/2}M2/ [mbBT`iB+H2b /2b+`B#2/ #v i?2 +MQMB+H
#M/ bi`m+im`2X
"2vQM/ T`QpB/BM;  ;2M2`H 7`K2rQ`F 7Q` BMi2`T`2iBM; 2tT2`BK2MiH /i- Qm` MH@
vbBb HbQ TQBMib iQ bT2+B}+ K2bm`2K2Mib iQ #2 K/2X _2+2Mi rQ`F QM +?`;2 Q`/2` BM
mM/2`/QT2/ u"*Pj3- r?B+? rb T2`7Q`K2/ i 2M2`;B2b +Q``2bTQM/BM; iQ *m G 2/;2b-
+QmH/ #2 `2T2i2/ i i?2 P E 2/;2X q2 rQmH/ 2tT2+i iQ }M/- b BM G"*P-  irQ@T2F
2M2`;v /2T2M/2M+2 rBi? T2Fb /2i2`KBM2/ #v #M/ bi`m+im`2X MQi?2` T`2/B+iBQM Q7
Qm` 7Q`KHBbK Bb i?i _1sa b?QmH/ #2 #H2 iQ /BbiBM;mBb? #2ir22M mMBtBH M/ #BtBH
UQ` bi`BT2 M/ +?2+F2`#Q`/ BM i?2 +b2 Q7 +mT`i2bV Q`/2`X AM i?2 Hii2` +b2- +Q2tBbiBM;
6Qm`B2` +QKTQM2Mib i rp2p2+iQ`b Qx M/ Qy ;2M2`i2  ?`KQMB+ Qx + QyX _1sa
K2bm`2K2Mib i i?Bb rp2p2+iQ` b?QmH/ 2t?B#Bi  T2F i 2M2`;v /2i2`KBM2/ #v Bib
+Q``2bTQM/BM; /vMKB+ M2biBM;X
jR2
AM/B`2+i _Asa M/ i?2 *mT`i2
Sb2m/Q;T S?b2
kXR AMi`Q/m+iBQM
lMHBF2 i?2 +b2b Q7 _1sa- r?2`2 r2 br i?i Qp2`@`2HBM+2 QM i?2 MHQ;v rBi? MQM@
`2bQMMi t@`v b+ii2`BM; +M #2 KBbH2/BM;- M/ /B`2+i _Asa- r?2`2 r2 rBHH b22 i?2
jkTBi7HHb Q7  i2KTiBM; MHQ;v iQ M2mi`QM b+ii2`BM;- i?2`2 Bb MQ Q#pBQmb MBp2 +QKT`@
BbQM iQ #2 K/2 rBi? BM/B`2+i _AsaX lMHBF2 i?2 Qi?2` T`Q#2b- BM r?B+? i?2 T`2b2M+2 Q7
i?2 +Q`2 ?QH2 TQi2MiBH Bb  +QKTHB+iBQM- BM/B`2+i _Asa `2HB2b QM i?2 +Q`2 ?QH2X b i?2`2
Bb MQ Qi?2` rv BM +QM/2Mb2/ Kii2` T?vbB+b UQmbB/2 Q7 mHi`+QH/ iQKbV iQ BMi`Q/m+2
 i`MbB2Mi HQ+H TQi2MiBH- BM/B`2+i _Asa ?b MQi #22M BM++m`i2Hv TB;2QM?QH2/ b i?2
Qi?2` i2+?MB[m2b ?p2X 6Q` i?Bb `2bQM- i?Bb +?Ti2` M22/ MQi 7Q+mb QM +H`B7vBM; KBb@
+QM+2TiBQMb #Qmi BM/B`2+i _Asa- Q7 r?B+? i?2`2 `2 MQ MQi#H2 QM2b- M/ rBHH BMbi2/
7Q+mb QM T`QTQbBM; 2tT2`BK2MibX P7 +Qm`b2- i?2 Qi?2` bB/2 iQ i?2 H+F Q7 7+BH2 +QKT`@
BbQMb Bb i?i Bi Bb MQi ;2M2`HHv FMQrM r?i QM2 b?QmH/ /Q rBi? BM/B`2+i _Asa- ?2M+2
HBiiH2 2tT2`BK2MiH M/ i?2Q`2iB+H rQ`F ?b #22M /QM2 BM i?Bb `2X AM i?Bb +?Ti2` r2
Tmi 7Q`r`/  p2`v bBKTH2 B/2, bBM+2 BM/B`2+i _Asa K2bm`2b i?2 bT2+i`mK Q7 T`iB+H2@
?QH2 TB`b- Bi Kmbi #2 b2MbBiBp2 iQ Mv T2`im`#iBQM i?i `2+QMbi`m+ib i?2 62`KB bm`7+2X
AM Qi?2` rQ`/b- QM2 b?QmH/ #2 #H2 iQ mb2 BM/B`2+i _Asa iQ /2i2+i 2bb2MiBHHv Mv Q`@
/2` T`K2i2`X b  +QM+`2i2 2tKTH2 r2 rBHH +QMbB/2` i?2 +b2 Q7 i?2 Tb2m/Q;T BM
i?2 ?B;?@i2KT2`im`2 +mT`i2 bmT2`+QM/m+iQ`bX h?Bb +?QB+2 ?b irQ ;`2i /pMi;2bX
6B`bi- i?2 Tb2m/Q;T 2M2`;v b+H2 Bb p2`v H`;2- b Km+? b b2p2`H ?mM/`2/ K2o- M/
Bb i?2`27Q`2 MQi HBKBi2/ #v +m``2Mi `2bQHmiBQMb Q7 8y K2o Q` bQX a2+QM/- Bi Bb mMFMQrM
r?i ivT2 Q7 Q`/2` UQ` Q`/2`bV T`Q/m+2b i?2 Tb2m/Q;T- r?B+? T2`KBib mb iQ i2bi Qm`
7Q`KHBbK QM b2p2`H ivT2b Q7 Q`/2` rBi?Qmi p22`BM; BMiQ B``2H2pMi bT2+mHiBQMX
h?2 bii2 Q7 i?2 mM/2`/QT2/ +mT`i2b #Qp2 i?2 bmT2`+QM/m+iBM; i`MbBiBQM i2KT2`@
im`2 Bb M QmibiM/BM; TmxxH2 BM i?2 }2H/ Q7 ?B;?@i2KT2`im`2 bmT2`+QM/m+iBpBivX JMv
/Bz2`2Mi ivT2b Q7 Q`/2`Ryk-8e-3e-kR-88-dd-Ryd-RRk-R9-RR-k8-j8 ?p2 #22M ?vTQi?2bBx2/ iQ +Q2tBbi
Q` +QKT2i2 rBi? bmT2`+QM/m+iBpBiv M/ iQ 2tTHBM Tb2m/Q;T #2?pBQ` BM r?B+? i?2 /2M@
bBiv Q7 bii2b Bb /2TH2i2/ `QmM/ i?2 62`KB 2M2`;vX h?2b2 TQi2MiBH T?b2b `2 /B{+mHi
iQ /2i2+i #2+mb2- rBi? i?2 2t+2TiBQM Q7 +?`;2 /2MbBiv rp2 U*.qV M/ bTBM /2MbBiv
jjrp2 Ua.qV BM +2`iBM +mT`i2b i bT2+B}+ /QTBM;b- i?2v 2t?B#Bi /vMKB+ ~m+imiBQMb
M/ bTiBH BM?QKQ;2M2Biv88-3dX h?2b2 ~m+imiBQMb bK2` i?2 bB;Mim`2b Q7 TQi2MiBH
Q`/2` T`K2i2`b M/ `2M/2` i?2K mM/2i2+i#H2 #v [mbBbiiB+ T`Q#2b i?i 2z2+iBp2Hv
p2`;2 Qp2` iBK2 b+H2b HQM;2` i?M i?Qb2 Q7 ~m+imiBQMbX _2bQMMi BM2HbiB+ t@`v
b+ii2`BM; U_AsaV +M Qp2`+QK2 i?Bb Q#bi+H2 #2+mb2 Bib iBK2 b+H2 Bb #QmM/2/ #v i?2
}MBi2 HB72iBK2 U`Qm;?Hv (250meV)−1 ≈ 1fsV Q7 M BMi2`K2/Bi2 bii2 +Q`2 ?QH2 /m2 iQ
m;2` /2+v M/ Qi?2` T`Q+2bb2bX 1bb2MiBHHv- _Asa +M iF2 BMbiMiM2Qmb bMTb?Qib
Q7 ~m+imiBM; b?Q`i@`M;2 Q`/2`X >Qr2p2`- i?2`2 2tBbib HBiiH2 i?2Q`v 7Q` _Asa BM bvbi2Kb
rBi? BiBM2`Mi 2H2+i`QMbc BM T`iB+mH`- Bi Bb MQi +H2` ?Qr _Asa +M #2 mb2/ iQ T`Q#2
+QKT2iBM; Q`/2`b- bm+? b i?Qb2 i?i TT2` UM/ `2 ?vTQi?2bBx2/ iQ 2tBbiV BM i?2
MQ`KH T?b2 Q7 i?2 +mT`i2 bmT2`+QM/m+iQ`b X AM i?Bb +?Ti2` r2 b?Qr i?i BM/B`2+i
_Asa- BM r?B+? QM2 K2bm`2b i?2 2z2+i Q7  TQbBiBp2Hv@+?`;2/ i`MbB2Mi +Q`2 ?QH2 QM i?2
pH2M+2 #M/ 62`KB b2- Bb b2MbBiBp2 iQ +?M;2b BM i?2 T`iB+H2@?QH2 2t+BiiBQM bT2+i`mK
BM/m+2/ #v KMv Q7 i?2 KQbi +QKKQMHv +QMbB/2`2/ Q`/2` T`K2i2`b T`QTQb2/ 7Q` i?2
T2m/Q;T T?b2X q2 b?Qr i?i Bi Bb TQbbB#H2 iQ /2i2+i M/ /BbiBM;mBb? /Bz2`2Mi Q`/2`
T`K2i2`b- 7Q` 2tKTH2 +?`;2 /2MbBiv rp2b- MiB72``QK;M2iBbK- M/ i?2 ?vTQi?2@
bBx2/ d@/2MbBiv rp2kRX q2 /2`Bp2  7Q`KmH 7Q` BM/B`2+i _Asa BM bvbi2Kb rBi? BiBM2`Mi
2H2+i`QMb- ++QmMiBM; 2t+iHv 7Q` i?2 +Q`2 ?QH2 TQi2MiBH +iBM; QM pH2M+2 2H2+i`QMbX
kXk h?2Q`2iB+H 6Q`KHBbK
AM BM/B`2+i _Asa  T?QiQM Bb #bQ`#2/ M/ +mb2b  i`MbBiBQM Q7  +Q`2 2H2+i`QM iQ
M 2t+Bi2/ #M/ #Qp2 i?2 pH2M+2 #M/- H2pBM; #2?BM/  TQbBiBp2Hv@+?`;2/ +Q`2 ?QH2X
 S`iBH 2t+2TiBQMb iQ i?Bb bii2K2Mi BM+Hm/2 Qm` T`2pBQmb rQ`FRj QM /B`2+i _Asa- r?B+? /B/
MQi +QMbB/2` Q`/2`2/ bii2b- M/ M MHvbBb Q7 /B`2+i _Asady i?i +QMbB/2`2/ /Bz2`2Mi TB`BM;
Q`/2` T`K2i2`bX
j9AM i?2 +mT`i2b- i?2 KQbi +QKKQMHv@mb2/ i`MbBiBQM Bb 1s → 4pX h?2 2t+Bi2/ #M/
Bb ;2M2`HHv r2FHv@BMi2`+iBM;c BM +mT`i2b i?Bb Q++m`b #2+mb2 Bi Bb /2`Bp2/ 7`QK 
/2HQ+HBx2/ 4p Q`#BiHX h?mb i?2 2t+Bi2/ 2H2+i`QM /Q2b p2`v HBiiH2 BM BM/B`2+i _Asa 2t+2Ti
`2@}HH i?2 +Q`2 ?QH2 M/ 2KBi  b+ii2`2/ T?QiQMX h?2 BMi2`2biBM; +iBQM Bb i?2 2z2+i
Q7 i?2 +Q`2 ?QH2 QM i?2 2H2+i`QMb BM i?2 pH2M+2 #M/- r?B+? BM  +QM/m+iBM; bvbi2K Bb
iQ ;2M2`i2 T`iB+H2@?QH2 ǳb?F2@mTǴ TB`bX q?2M QM2 K2bm`2b i?2 2M2`;v /Bz2`2M+2
∆ω M/ KQK2MimK /Bz2`2M+2 ∆q #2ir22M i?2 BM+B/2Mi M/ b+ii2`2/ T?QiQMb- QM2 Bb
K2bm`BM; i?2 /BbT2`bBQM Q7 b?F2@mT TB`bX h?2 bT2+i`H r2B;?ib Q7 b?F2@mT T`Q+2bb2b
i /Bz2`2Mi 2M2`;v M/ KQK2Mi `2p2H i?2 DQBMi /2MbBiv Q7 bii2b Q7 T`iB+H2b M/ ?QH2b-
r?B+? BM im`M b?2/b HB;?i QM [mbBT`iB+H2 /BbT2`bBQMb KQ/B}2/ #v /Bz2`2Mi ivT2b Q7
Q`/2`X
h?2 BMi2MbBiv 7Q` BM+B/2Mi t@`vb Q7 KQK2MimK qi M/ 2M2`;v ωi iQ #2 b+ii2`2/ BMiQ
Qmi;QBM; KQK2MimK qf = ki +∆ k M/ 2M2`;v ωf = ωi − ∆ω Bb +H+mHi2/ 7`QK i?2
7KBHB` E`K2`b@>2Bb2M#2`; 7Q`KmHey
I ∝
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n
⟨f|T|n⟩⟨n|T†|i⟩
ωi + En − Ei + iΓ
   
 
   
2
δ(Ef − Ei − ∆ω), UkXRV
r?2`2 |i(n,f)⟩ `2 i?2 BMBiBH UBMi2`K2/Bi2- }MHV bii2b rBi? 2M2`;B2b Ei(n,f)- 1/Γ
Bb i?2 HB72iBK2 Q7 i?2 BMi2`K2/Bi2 bii2 +Q`2 ?QH2- M/ T† =
 
m eqi·Rmsmp
†
m- T =
 
m e−qi·Rms
†
mpm `2 i`MbBiBQM QT2`iQ`bX h?Bb MQiiBQM `2~2+ib i?2 1s → 4p BM/B`2+i
_Asa BM i?2 ?B;?@hc +mT`i2bX q2 bbmK2 KQK2MimK@BM/2T2M/2Mi /BTQH2 Ki`Bt 2H2@
K2Mib M/ H2p2 TQH`BxiBQM /2T2M/2M+2 BKTHB+Bi9X h?2 ii`+iBp2 TQi2MiBH /m2 iQ i?2
+Q`2 ?QH2 Bb KQbi 2bBHv ++QmMi2/ 7Q` #v brBi+?BM; iQ i?2 iBK2 /QKBMd3-Rk- r?2`2 r2
j8?p2
I ∝
 
m,n
ei∆q·(Rn−Rm)
  ∞
−∞
ds
  ∞
0
dt
  ∞
0
dτeiωi(t−τ)−is∆ω−Γ(t+τ)Smn, UkXkV
r?2`2
Smn =
 
eiH0τpne−iHnτp†
neiH0spmeiHmtp†
me−iH0(t+s)
 
. UkXjV
1[X UkXjV Bb  E2H/vb?@HBF2 BMi2;`H /2b+`B#BM; i?2 ?BbiQ`v Q7 #bQ`TiBQM M/ 2KBbbBQM
2p2Mib b2T`i2/ #v iBK2 2pQHmiBQM QT2`iQ`bX aBM+2 i?2 +Q`2 ?QH2 Bb BKKQ#BH2 M/ ?b 
+QMbiMi 2M2`;v i?i +M #2 #bQ`#2/ BMiQ ωi r2 `2 #H2 iQ `2KQp2 pB H → Hm(n) ≡
H0+Vm(n)- r?2`2 H0 = Hd+Hp Bb i?2 >KBHiQMBM Q7 pH2M+2 d 2H2+i`QMb M/ i?2 p #M/
M/ Vm Bb i?2 TQi2MiBH /m2 iQ i?2 +Q`2 ?QH2 i bBi2 m i?i +ib QM pH2M+2 2H2+i`QMbX b
i?2 4p #M/ Bb ?B;?Hv /BbT2`bBp2 r2 bbmK2 i?i 4p 2H2+i`QMb /Q MQi BMi2`+i rBi? i?2 +Q`2
?QH2 Q` i?2 pH2M+2 #M/c i?Bb Bb i?2 mbmH ǳbT2+iiQ`Ǵ TT`QtBKiBQMRy8X h?2`27Q`2- i?2
d M/ p #M/b `2 b2T`#H2 M/ i?2 4p +QMi`B#miBQM iQ 1[X UkXjV `2/m+2b iQ  T`Q/m+i
Q7 :`22M 7mM+iBQMb,
Smn = Gnn
p (τ)Gmm
p (−t)
 
eiHdτe−iHd,nτeiHdseiHd,mte−iH0(t+s)
 
, UkX9V
r?2`2 Gnn
p (t)=⟨0|pn(t)p
†
n(0)|0⟩ Bb M 2bBHv@+H+mHi2/ bBM;H2@T`iB+H2 [mMiBivX q2 MQi2
i?i #v 1[X UjXkV Smn Bb K2bm`#H2 b i?2 6Qm`B2` i`Mb7Q`K Q7 i?2 BMi2MbBivX :Bp2M
i?2 7Q`K Q7 Smn b  E2H/vb?@HBF2 +Q``2HiQ` Bi Bb BMimBiBp2Hv +H2` i?i Bi Kv `2p2H i?2
`2H@bT+2 bi`m+im`2 Q7 HX q2 rBHH /Bb+mbb i?Bb TQBMi 7m`i?2` #2HQrX
6QHHQrBM;  `2+2Mi MHvbBb Q7 /B`2+i _AsaRj r2 i`2i i?2 pH2M+2 #M/ b  bvbi2K
Q7 MQM@BMi2`+iBM; [mbBT`iB+H2b- r?B+? Bb pHB/ r?2M i?2 [mbBT`iB+H2 HB72iBK2 Bb HQM;
+QKT`2/ iQ i?2 +Q`2 ?QH2 HB72iBK2 1/ΓX AM i?2 +mT`i2b Γ ≥ 250 K2o- r?B+? 2t+22/b
je[mbBT`iB+H2 rB/i?b 2p2M [mBi2 7` 7`QK i?2 i?2 62`KB bm`7+2X JMv@#Q/v p2`;2b Q7
T`Q/m+ib Q7 2tTQM2MiBi2/ [m/`iB+ QT2`iQ`b bm+? b BM 1[X kX9 ?p2 #22M /Bb+mbb2/ BM
MmK2`Qmb rQ`Fb33-Ny-8d-k-RkX h?2 biM/`/ 7Q`KmH
 
eZ 
=d e t
 
(1 − ˆ N)+ez ˆ N
 
- r?2`2
mTT2`+b2 ǵZǶ /2MQi2b  [m/`iB+ KMv@#Q/v QT2`iQ` M/ HQr2`+b2 ǵzǶ /2MQi2b Bib
Ki`Bt 2H2K2Mib Z = d
†
izijdj M/ ˆ N Bb i?2 62`KB Q++mTiBQM QT2`iQ`- ;Bp2b
Smn(t,s,τ)=Gnn
p (τ)Gmm
p (−t)det
  
1 − ˆ N
 
+ eihdτe−ihd,nτeihdseihd,mte−ih0(t+s) ˆ N
 
,
UkX8V
r?2`2 ˆ N ≡
 
1+eH0/kBT −1
M/ Hd = d
†
i
 
ˆ Hd
 
ij
djX hQ ?M/H2 bTBM- r2 H2i m → (m,σ)
`2T`2b2Mi  +QK#BM2/ bBi2 M/ bTBM BM/2t M/ `2TH+2 i?2 #bBb {i} Q7 qMMB2` Q`#BiHb
rBi?  bTBM@qMMB2` #bBb {(i,σ)}X h?2 #Qp2 /2i2`KBMMi 7Q`KmH `2[mB`2b  [m/`+iB+
>KBHiQMBM Q7 i?2 7Q`K H = d
†
ihdjX q2 KT bBM;H2i TB`BM; >KBHiQMBMb rBi? i2`Kb
Q7 i?2 7Q`K d
†
↑d
†
↓ iQ i?2 M2+2bb`v 7Q`K d
†
↑d↓ pB  T`iB+H2@?QH2 i`Mb7Q`KiBQM d
†
↓ ↔ d↓X
h?2 4p :`22M 7mM+iBQMb BM 1[X UkX9V TT2` iQ +QKTHB+i2 i?2 MHvbBb Q7 BM/B`2+i _Asa
#mi BM 7+i bBKTHB7v Bi #v `2bi`B+iBM; i?2 MmK#2` Q7 T`iB+H2@?QH2 2t+BiiBQMb +mb2/ #v
i?2 +Q`2 ?QH2X "2+mb2 i?2 4p #M/ Bb ?B;?Hv /BbT2`bBp2 i?2 bK2@bBi2 :`22M 7mM+iBQM
Gnn
p (t) /2+vb p2`v `TB/Hv Ĝ Bi Bb mMHBF2Hv i?i  4p 2H2+i`QM +`2i2/ i bBi2 n rBHH `2@
im`M 2t+2Ti 7i2` p2`v #`B27 iBK2bX h?2`27Q`2 i?2 iBK2 BMi2`pHb bbQ+Bi2/ rBi? t M/ τ
`2 2z2+iBp2Hv i`mM+i2/ Km+? KQ`2 i?M #v i?2 +Q`2 ?QH2 HB72iBK2 HQM2X h?Bb KF2b
MmK2`B+H BMi2;`iBQM H2bb +QKTmiiBQMHHv 2tT2MbBp2- #mi KQ`2 BKTQ`iMiHv /`KiB@
+HHv `2/m+2b i?2 +QMi`B#miBQM Q7 T`Q+2bb2b BM r?B+? i?2 +Q`2 ?QH2 TQi2MiBH ;2M2`i2b
KmHiBTH2 T`iB+H2@?QH2 ǳb?F2@mTǴ TB`bX h?2`27Q`2 Ub22 #2HQrV BM/B`2+i _Asa bT2+i`
+M #2 BMi2`T`2i2/ BM i2`Kb Q7 bBM;H2 b?F2@mT TB`b M/ `2 MQi /QKBMi2/ #v +QK@
THB+i2/ T`Q+2bb2b BMpQHpBM; KmHiBTH2 b?F2@mTbX  +QKKQM bQm`+2 Q7 +QM7mbBQM Bb i?2
jdbbmKTiBQM i?i b?Q`i BMi2`K2/Bi2 bii2 iBK2b+H2b t M/ τ BKTHv TQQ` 2M2`;v `2bQHm@
iBQMX >Qr2p2`- i?2 iBK2b t M/ τ `2 +QMDm;i2 iQ i?2 BM+B/2Mi T?QiQM 2M2`;v ωi- M/
BM/22/ bT2+i` `2 pB`imHHv 72im`2H2bb b  7mM+iBQM Q7 ωiX >Qr2p2`- i?2 2M2`;v i`Mb72`
∆ω Bb +QMDm;i2 iQ i?2 iBK2 s- /m`BM; r?B+? i?2`2 Bb MQ +Q`2 ?QH2 M/ MQ 4p 2H2+i`QMX
>2M+2 `2bQHmiBQM Q7 ∆ω Bb HBKBi2/ QMHv #v BMbi`mK2MiH `2bQHmiBQMX h?Bb T`2b2`p2b i?2
/BbT2`bBQM BM7Q`KiBQM Q7 ∆ω pbX ∆k i?i Bb 7mM/K2MiH iQ _AsaX
kXj JBM _2bmHib
q2 `2 BMi2`2bi2/ BM r?2i?2` BM/B`2+i _Asa /BbiBM;mBb?2b /Bz2`2Mi ivT2b Q7 b?Q`i@`M;2
Q`/2` BM ?QH2@/QT2/ +mT`i2b- T`iB+mH`Hv i?Qb2 i?i `2 ?vTQi?2bBx2/ iQ 2tBbi BM i?2
Tb2m/Q;T T?b2 Q7 mM/2`/QT2/ +mT`i2b #Qp2 TcX AM Q`/2` iQ 2tTHQBi i?2 /2i2`KBMMiH
7Q`KHBbK- r?B+? `2[mB`2b  [m/`iB+ >KBHiQMBM- r2 rBHH i`2i i?2b2 Q`/2`b b K2M@
}2H/ //BiBQMb iQ i?2 #M/ bi`m+im`2 >KBHiQMBM
H0 =
 
k,σ
εkd
†
k,σdk,σ, UkXeV
6Q` +QM+`2i2M2bb r2 rBHH mb2  bBM;H2@#M/ iB;?i@#BM/BM; /BbT2`bBQM
εk = − 2t1(cos(kx) + cos(ky)) − 4t2 cos(kx)cos(ky) − 2t3(cos(2kx) + cos(2ky))
− 4t4(cos(2kx)cos(ky) + cos(kx)cos(2ky)) UkXdV
rBi? T`K2i2`b }i iQ _S1a /i, (t1,t 2,t 3,t 4) = (126,−36,15,1.5) K2o 7Q` "B@
kkRkeNX q2 bbmK2 M ii`+iBp2 +QMi+i TQi2MiBH Vm = −Uc
 
σ d
†
mσdmσ 7Q` i?2 +Q`2
?QH2- rBi? Uc =5 .0 2o Ry8-RyeXh Q H0 r2 // +?`;2 /2MbBiv rp2 U*.qV- d@/2MbBiv
j36B;m`2 kXR, AM/B`2+i _Asa BMi2MbBiv U`#Bi``v mMBibV p2`bmb KQK2MimK Qp2` 2MiB`2 "`BHHQmBM xQM2
7Q` mM/2`/QT2/ "B@kkRk /2b+`B#2/ #v >KBHiQMBMb H0 UmTT2` H27iV M/ K2M@}2H/ >KBHiQMBMb
U+HQ+FrBb2 7`QK mTT2` `B;?iV, H0 + HCDW- H0 + HDDW- M/ H0 + HAF- rBi? K2M@}2H/ T2`@
im`#iBQMb Q7 KTHBim/2 VCDW,DDW,AF = 100 K2oX aT2+i` `2 K2bm`2/ i 2M2`;v i`Mb72`
∆ω = 100 K2o M/ BM+B/2Mi T?QiQM 2M2`;v ω i i?2 4p i?`2b?QH/X >2`2 M/ 2Hb2r?2`2 BM i?Bb
+?Ti2` #H+F /2MQi2b x2`Q BMi2MbBiv M/ #`B;?i `2/ /2MQi2b KtBKH BMi2MbBivX
jNrp2- M/ MiB72``QK;M2iB+ U6V Q`/2`b,
HCDW =
 
k
VCDWd
†
k+Qdk UkX3V
HDDW =
 
k
VDDW(k)d
†
k+Qdk UkXNV
HAF =
 
k
VAF
 
d
†
k+Q,↑dk,↑ − d
†
k+Q,↓dk,↓
 
, UkXRyV
r?2`2 i?2 Q`/2`BM; rp2p2+iQ`b `2 Q =( 2 π/4,0) U*.qV- Q =( π,π) U..qV- M/
Q =( π,π) U6V- M/ VDDW(k)=VDDW(coskx−cosky)X q2 `2bi`B+i Qm` ii2MiBQM ?2`2
iQ T2`BQ/@9 +QKK2Mbm`i2 *.q Q`/2`- #mi i?2 [mHBiiBp2 72im`2b Q7 i?2 _Asa bB;MH
r2 T`2b2Mi #2HQr `2 MQi bT2+B}+ iQ i?Bb rp2p2+iQ`X h?2 7Q`K Q7 HAF BM 1[X UkXRyV Bb
i?i Q7 M Hi2`MiBM; bm#HiiB+2 K;M2iBxiBQM- r?B+? +QmH/ Q++m` BM +mT`i2b B7 `2bB/mH
HQ+H MiB72``QK;M2iB+ +Q``2HiBQMb T2`bBbi 7i2` HQM;@`M;2 MiB72``QK;M2iB+ Q`/2` Bb
/2bi`Qv2/ #v ?QH2 /QTBM;X Ai Bb BKTQ`iMi iQ +QKT`2 i?Bb 7Q`K Q7 6 iQ ..q #2+mb2
i?2v ?p2 i?2 bK2 (π,π) rp2p2+iQ`X h?mb r2 `2 #H2 iQ bim/v r?2i?2` BM/B`2+i _Asa
Bb b2MbBiBp2 MQi QMHv iQ i?2 Q`/2`BM; rp2p2+iQ` #mi HbQ iQ i?2 7Q`K 7+iQ` VDDW(k)X
MQi?2` BKTQ`iMi /BbiBM+iBQM iQ MQi2 Bb i?i i?2 ..q Bb Q`i?Q;QMH iQ +QMp2MiBQMH
+?`;2 Q`/2` Ĝ r?BH2 ..q Bb  7Q`K Q7 i`MbHiBQMH bvKK2i`v #`2FBM;- i?2 +?`;2
/2MbBiv /m2 iQ ..q /Q2b MQi 2t?B#Bi bvKK2i`v #`2FBM;X q2 rBHH i?2`27Q`2 #2 #H2 iQ
`2D2+i Mv MBp2 bmbTB+BQM i?i BM/B`2+i _Asa Bb QMHv b2MbBiBp2 iQ Q`/2` T`K2i2`b i?i
++QKTMv  /2MbBiv /BbiQ`iBQMX
AM /B`2+i _Asa 2tT2`BK2Mib- M/ BM/22/ BM KQbi bT2+i`Qb+QTB+ 2tT2`BK2Mib Bi Bb +mb@
iQK`v iQ T`2b2Mi /i BM i?2 7Q`K Q7 HBM2b?T2b- i?i Bb- BMi2MbBiv p2`bmb ∆ω M/ ∆k
7Q` KQK2Mi HQM; bQK2 }t2/ +mi BM KQK2MimK bT+2X h?Bb KF2b b2Mb2 7Q` T`2b2MiBM;
i?2 /BbT2`bBQM Q7 +QHH2+iBp2 KQ/2bX >Qr2p2`- BM BM/B`2+i _Asa Q7 mM/2`/QT2/ +mT`i2b
9y6B;m`2 kXk, *QKT`BbQM Q7 2t+i U1[bX UjXkV M/ UkX8VV M/ TT`QtBKi2 U1[X UkXRRV 7Q`KmHb 7Q`
KQK2MimK@/2T2M/2Mi BM/B`2+i _Asa BMi2MbBiv Q7 mMQ`/2`2/ bvbi2K 7Q` /QTBM; p =0 .15- 2M2`;v
i`Mb72` ∆ω = 100 K2oX
i?2 7mM/K2MiH 2t+BiiBQMb `2  +QMiBMmmK Q7 T`iB+H2@?QH2 TB`b- i?2 /BbT2`bBQM Q7
r?B+? Bb MQi BM?2`2MiHv BMi2`2biBM;X _i?2`- i?2 BM/B`2+i _Asa BMi2MbBiv K2bm`2b i?2
DQBMi /2MbBiv Q7 bii2b Q7 T`iB+H2b M/ ?QH2b- r?B+? `2 mb27mH BM i?i i?2v `2~2+i i?2
Qp2`HH 72`KBQHQ;v Qp2` i?2 2MiB`2 "`BHHQmBM xQM2X h?mb- i?2 KQbi Mim`H rv iQ T`2b2Mi
BM/B`2+i _Asa /i Bb b THQib Q7 BMi2MbBiv p2`bmb KQK2Mi Qp2` i?2 2MiB`2 "`BHHQmBM xQM2
7Q` }t2/ ∆ωX UAM  rQ`F +QKTH2K2Mi`v iQ i?Bb QM2- J`` 2i H ?p2 `;m2/ i?i bm+?
 T`2b2MiiBQM Q7 /i Bb HbQ mb27mH 7Q` /Bb+2`MBM; ;`QmM/ bii2 T`QT2`iB2b pB /B`2+i
_AsadyVX
AM 6B;X kXR r2 2tKBM2 i?2 BM/B`2+i _Asa bT2+i`mK BM  bii2 rBi? MQ i2`Kb BM Hd
Qi?2` i?M i?2 #M/ bi`m+im`2 H0 M/ +QKT`2 Bi iQ bii2b BM r?B+? p`BQmb K2M@}2H/
Q`/2` T`K2i2`b `2 //2/ iQ H0X h?2 BMi2MbBiv BM i?2 mMQ`/2`2/ bii2 +Q``2bTQM/b
+HQb2Hv iQ i?2 DQBMi /2MbBiv Q7 T`iB+H2@?QH2 TB`b rBi? iQiH KQK2MimK ∆k M/ iQiH
2M2`;v ∆ωX "2bB/2b i?2 T2FM2` x2`Q KQK2Mim i`Mb72`- i?2 /QKBMMi 72im`2 Bb i?2
9RT2F i ∆k =( π,π) i 2M2`;B2b b2p2`H ?mM/`2/ K2o M/ H2bbX h?Bb Bb /m2 iQ i?2
H`;2 /2MbBiv Q7 bii2b 7Q` #Qi? T`iB+H2b M/ ?QH2b M2` MiBMQ/H `2;BQMb (π,0) 2i+-
r?B+? Bb +mb2/ #v  b//H2 TQBMi BM i?2 /BbT2`bBQMX h?2 T2F /Q2b MQi Q++m` 2t+iHv
i (π,π) #2+mb2 i?2 62`KB bm`7+2 /Q2b MQi +`Qbb MiBMQ/H KQK2Mi (0,π) M/ (π,0)-
M/ i?mb i?2`2 2tBbib MQ MiBMQ/H@MiBMQ/H T`iB+H2@?QH2 TB` rBi? KQK2MimK (π,0)−
(0,π)=( π,π)X AM  MQM@BMi2`+iBM; bvbi2K i ?H7 }HHBM; M/ QMHv M2`2bi@M2B;?#Q`
?QTTBM; i?2`2 `2 pM >Qp2 bBM;mH`BiB2b i MiBMQ/H KQK2Mi M/ r2 rQmH/ 2tT2+i
i?2 /BKQM/@b?T2/ 62`KB bm`7+2 iQ vB2H/  _Asa KtBKmK i (π,π) 7Q` bKHH 2M2`;v
i`Mb72`bX 6Q` i?2 Q`/2`2/ bvbi2Kb r2 mb2 Q`/2` T`K2i2` KTHBim/2b VDDW = 100
K2o- VCDW = 100 K2o- VAF = 100 K2o- r?B+? `2 ivTB+H 2M2`;v b+H2b 7Q` i?2
Tb2m/Q;T Q7 i?2 +mT`i2bǶ MQ`KH bii2X h?2b2 vB2H/ /BbiBM+i +?M;2b BM i?2 _Asa
bT2+i` i?i HHQr 2tT2`BK2Mib iQ /BbiBM;mBb? i?2KX P7 T`iB+mH` BMi2`2bi Bb i?i i?2
d@/2MbBiv rp2 T?b2 2t?B#Bib  +H2` bB;Mim`2 /BbiBM+i 7`QK Qi?2` T?b2b- BM+Hm/BM;
i?2 MiB72``QK;M2iB+ T?b2 r?B+? HbQ ?b  rp2p2+iQ` Q7 (π,π)X b b22M BM 6B;X kXR-
BM/B`2+i _Asa i bKHH ∆ω Q7 bvbi2Kb rBi? ..q M/ 6 Q`/2` 7QHHQrb  bBKBH` Tii2`M
iQ mMQ`/2`2/ bvbi2Kb /2b+`B#2/ #v i?2 #M/ bi`m+im`2 H0, BMi2MbBiv KtBK i x2`Q
KQK2MimK M/ `QmM/ (π,π)- DQBM2/ #v `Kb `mMMBM; HQM; i?2 MQ/H /B`2+iBQMb (k,k)X
AM i?2 ..q bvbi2K- i?2 KtBKmK M2` (π,π) Bb bi`2M;i?2M2/ `2HiBp2 iQ i?2 KtBKmK
M2` (0,0)- r?BH2 BM i?2 6 bvbi2K BMi2MbBiv BM+`2b2b HQM; i?2 `KbX h?2 #2?pBQ` Q7
i?2 6 bT2+i`mK Bb /B`2+iHv `2Hi2/ iQ i?2 62`KB bm`7+2 `2+QMbi`m+iBQM /m2 iQ Q`/2`BM;
i  rp2p2+iQ` Q7 (π,π)X b HQM; b VAF Bb MQi 2ti`2K2Hv bi`QM;- i?2 #mHF Q7 i?2
62`KB bm`7+2 Bb `2TH+2/ #v H`;2 QpH@b?T2/ TQ+F2ib i?i Qp2`HT i?2 mM`2+QMbi`m+i2/
62`KB bm`7+2 QM QM2 bB/2 M/ T`HH2H Bi QM i?2 Qi?2`X 6`QK i?2 TQBMi Q7 pB2r Q7 i?2
DQBMi /2MbBiv Q7 bii2b Q7 T`iB+H2 ?QH2 TB`b- i?2 2z2+i Bb bBKBH` iQ  #`Q/2MBM; Q7 i?2
62`KB bm`7+2X AM +QMi`bi- i?2 d@/2MbBiv rp2 ?b i?2 bK2 (π,π) rp2p2+iQ`- #mi i?2
9k6B;m`2 kXj, 6Qm`B2` i`Mb7Q`Kb Q7 _Asa BMi2MbBiB2b 7`QK 6B;X kXR 2t?B#BiBM; +H2` T2`BQ/@9 T2`BQ/B+@
Biv Q7 i?2 *.q bvbi2K M/ +?2+F2`#Q`/ T2`BQ/B+Biv BM i?2 ..q M/ 6 bvbi2KbX
7Q`K 7+iQ` VDDW(k) pMBb?2b BM i?2 MQ/H /B`2+iBQM M/ Bb KtBKH BM i?2 MiBMQ/H
/B`2+iBQMX >2M+2 i?2 62`KB bm`7+2 `2+QMbi`m+iBQM /m2 iQ DDW Q`/2` Bb `2bi`B+i2/ iQ i?2
MiBMQ/H KQK2Mi M2` (π,0) M/ (0,π)X h?Bb 2tTHBMb r?v i?2 ǳ`KbǴ Q7 i?2 BM/B`2+i
_Asa BMi2MbBiv Tii2`M `2 MQi #`Q/2M2/ b BM i?2 bvbi2K rBi? 6 Q`/2`X h?2 `2bQM
i?2 BMi2MbBiv KtBKmK i (π,π) Bb bi`2M;i?2M2/ Bb i?i i?2 MiBMQ/H b//H2 TQBMi Q7
i?2 /BbT2`bBQM Bb #m`B2/ BMbB/2 i?2 mM`2+QMbi`m+i2/ 62`KB bm`7+2 Ĝ i?2`2 `2 MiBMQ/H
?QH2b- #mi QMHv M2`@MiBMQ/H T`iB+H2bX 7i2` `2+QMbi`m+iBQM- i?2`2 `2 KQ`2 T`iB+H2b
pBH#H2 M2` i?2 b//H2 TQBMiX
lMHBF2 i?2 T`2pBQmb 2tKTH2b- *.q Q`/2` bi`QM;Hv KQ/B}2b i?2 BMi2MbBiv Tii2`M Q7
i?2 Q`/2`H2bb bvbi2KX PM2 /BbiBM+i 72im`2 Bb i?2 TT2`M+2 Q7 KtBK M2` (0,2π/4)-
r?B+? Bb iQ #2 2tT2+i2/ Q7 62`KB bm`7+2 `2+QMbi`m+iBQM /m2 iQ i`MbHiBQMH bvKK2i`v
#`2FBM; rBi? i?Bb rp2p2+iQ`X h?Bb Bb  `Q#mbi 72im`2 Q7 _Asa i HQr 2M2`;v i`Mb@
72`bc BM/22/- i x2`Q 2M2`;v i`Mb72` i?Bb KQK2MimK #2+QK2b i?2 2HbiB+ T2F Q7 i?2
bvKK2i`v@#`QF2M bvbi2KX h?i Bb- i?2 *.q #v /2}MBiBQM BM/m+2b 2HbiB+ b+ii2`BM; i
rp2p2+iQ` QCDW- r?B+? ;2M2`i2b HQr@2M2`;v T`iB+H2 ?QH2 TB`b rBi? iQiH KQK2MimK
QCDWX MQi?2` Q#pBQmb 72im`2 Bb i?2 /2bi`m+iBQM Q7 i?2 BMi2MbBiv M2` (π,π)- r?B+?
9jrb  KtBKmK 7Q` i?2 mMQ`/2`2/ bvbi2K b r2HH b i?2 ..q M/ 6 bvbi2KbX q2
Q#b2`p2 ;2M2`HHv i?i  T2`im`#iBQM rBi? rp2p2+iQ` Q /Q2b MQi /2bi`Qv i?2 /2MbBiv
Q7 bii2b Q7 HQr 2M2`;v T`iB+H2@?QH2 TB`b rBi? rp2p2+iQ` QX UP7 +Qm`b2- i?2 Q`/2`
vB2H/b  ;T i 2M2`;v b+H2b Q7 K2o Q` i2Mb Q7 K2o- r?B+? `2 Km+? bKHH2` i?M
+m``2Mi 2M2`;v b+H2b K2bm`2/ #v _AsaVX h?mb ..q M/ 6 Q`/2` `2 BM  b2Mb2
ǳ+QKTiB#H2Ǵ rBi? i?2 _Asa bT2+i`mK Q7 i?2 mMQ`/2`2/ bvbi2KX P`/2`BM; i  /Bz2`@
2Mi rp2p2+iQ`- QM i?2 Qi?2` ?M/- +M M/ /Q2b /`biB+HHv +?M;2 i?2 T`iB+H2@?QH2
DQBMi /2MbBiv Q7 bii2bX h?2 +H2` [mHBiiBp2 /Bz2`2M+2 #2ir22M i?2 *.q bT2+i`mK
M/ i?Qb2 Q7 ..q M/ 6 bvbi2Kb- HQM; rBi? i?2 KtBKmK i QCDW- `2 i2HHiH2
bB;Mb Q7 i`MbHiBQMH bvKK2i`v #`2FBM; i  rp2p2+iQ` Qi?2` i?M (π,π)X >Qr2p2`-
QM2 +M /Bb+2`M /Bz2`2Mi Q`/2`b 2p2M KQ`2 +H2`Hv rBi?  +QKTH2K2Mi`v K2bm`2K2Mi,
_2+HH 7`QK #Qp2 i?i i?2 E2H/vb?@HBF2 irQ@bBi2 +Q``2HiQ` Smn +M #2 K2bm`2/ b
i?2 6Qm`B2` i`Mb7Q`K Q7 BMi2MbBivX aT2+B}+HHv- i?2 6Qm`B2` i`Mb7Q`K Q7 I(∆k,ω,∆ω)
;Bp2b S(∆r,ω,∆ω) ≡
 
rm−rn=∆r Smn(ω,∆ω)X Ai Bb BMimBiBp2Hv +H2` i?i S(∆r) Qm;?i
iQ ?p2  bTiBH bi`m+im`2 +Q``2bTQM/BM; iQ i?i Q7 HX AM 6B;X kXj- r2 b22 i?i i?2
6Qm`B2` i`Mb7Q`K Q7 _Asa BMi2MbBiv 2t?B#Bib i?2 bTiBH T2`BQ/B+Biv Q7 H- i?i Bb- 
+?2+F2`#Q`/ Tii2`M 7Q` DDW M/ AF Q`/2`b M/  bi`BT2 i ∆x =47Q` T2`BQ/@9
*.qX U1p2M i?Qm;? Qm` +H+mHiBQMb r2`2 T2`7Q`K2/ QM 40×40 bvbi2Kb- r2 b?Qr QMHv
 72r M2`@M2B;?#Q` HiiB+2 bBi2b BM i?2 6Qm`B2`@i`Mb7Q`K2/ bT2+i` #2+mb2 Smn /2+vb
`TB/Hv rBi? b2T`iBQM #2ir22M rm M/ rnVX
q?BH2 THQib Qp2` i?2 2MiB`2 "`BHHQmBM xQM2 `2 i?2 KQbi 2{+B2Mi rv iQ +QMp2v [mH@
BiiBp2 72im`2b Q7 _Asa bT2+i`-  irQ@/BK2MbBQMH THQi Q7 BMi2MbBiv HQM;  +mi BM
KQK2MimK bT+2 UbiBHH i }t2/ ∆ωV Kv KQ`2 T`2+Bb2Hv +Tim`2 +2`iBM [mMiBiiBp2
72im`2bX 6Q` 2tKTH2- BM i?2 /2MbBiv THQib Qp2` i?2 7mHH irQ@/BK2MbBQMH "`BHHQmBM xQM2-
i?2 7Q`2K2MiBQM2/ /Bz2`2M+2 #2ir22M ..q M/ i?2 mMQ`/2`2/ bii2 Bb TT`2Mi #mi
996B;m`2 kX9, PM2@/BK2MbBQMH THQib Q7 BMi2MbBiv HQM; MiBMQ/H KQK2Mi 7Q` }t2/ ∆ω M/ p`BQmb
ivT2b Q7 Q`/2`X
MQi Qp2`r?2HKBM;X AM  QM2@/BK2MbBQMH THQi- i?2 [mMiBiiBp2 /Bz2`2M+2 Bb Q#pBQmb Ĝ
b+ii2`BM; rBi? KQK2MimK i`Mb72` M2` (π,π) Bb p2`v bi`QM;Hv 2M?M+2/ `2HiBp2 iQ
M2`@x2`Q KQK2MimK i`Mb72`b 7Q` i?2 ..q +b2- +QKT`2/ iQ i?2 mMQ`/2`2/ bii2X
q2 b?Qr BM 6B;X kX9 QM2@/BK2MbBQMH THQib BM i?2 MiBMQ/H (π,π) /B`2+iBQM 7Q` HHivT2b
Q7 Q`/2` +QMbB/2`2/ #Qp2X
h?mb- 2+? Q7 i?2 Q`/2`b r2 ?p2 +QMbB/2`2/ ?p2 MQi QMHv /BbiBM+i Tii2`Mb Q7 BM@
/B`2+i _Asa- #mi ǳbKQFBM; ;mMǴ bB;Mim`2b rBi? bBKTH2 BMi2`T`2iiBQMbX h?2`2 `2- Q7
+Qm`b2- KMv T`QTQb2/ Tb2m/Q;T Q`/2` T`K2i2`b Qi?2` i?M i?2 *.q- ..q- M/
6 i?i r2 ?p2 +QMbB/2`2/ ?2`2X >Qr2p2`- i?2b2 i?`22 2tKTH2b /2KQMbi`i2 i?i QM2
+M 2bBHv Q#iBM `Q#mbi- 7HbB}#H2 T`2/B+iBQMb 7Q` i?2 BM/B`2+i _Asa bT2+i`mK Q7 Mv
+M/B/i2 Q`/2`X 6m`i?2`KQ`2- i?2b2 `2 KQM; i?2 KQbi rB/2Hv@T`QTQb2/ Q`/2`b 7Q`
i?2 MQ`KH bii2 Q7 mM/2`/QT2/ +mT`i2b M/ Bi Bb 2M+Qm`;BM; i?i i?2v 2t?B#Bi bm+?
/BbiBM+i Tii2`MbX
98kX9 JQ/2HHBM; _Asa rBi?  aBM;H2 S`iB+H2@>QH2 SB`
b K2MiBQM2/ #Qp2- Qm` 2t+i `2bmHib Qm;?i iQ #2 r2HH@TT`QtBKi2/ #v +QMbB/2`BM;
QMHv  bBM;H2 b?F2@mT TB` BM BM/B`2+i _AsaX Ai Bb bi`B;?i7Q`r`/ iQ /2`Bp2 i?2 _Asa
BMi2MbBiv mM/2` i?Bb TT`QtBKiBQM 7Q` `#Bi``v #BHBM2` >KBHiQMBMb Hd +QMiBMBM;
Mv +QK#BMiBQM Q7 K2M@}2H/ M/ BKTm`Biv TQi2MiBHbX q2 Q#iBM
I ∝
 
α,β
 
   
 
˜ Vα,β(k)
 
g(ε)dε
(ω − (εα − εβ − ε + iΓ)(ω − ε + iΓ)
 
   
 
2
× nf(εα)(1 − nf(εβ))δ(εα − εβ − ∆ω), UkXRRV
˜ Vα,β(k)=
 
m
eik·rm⟨α|Vm|β⟩
r?2`2 |α⟩ M/ |β⟩ `2 bBM;H2@T`iB+H2 2B;2Mbii2b Q7 Hd- g(ε) Bb i?2 9p /2MbBiv Q7 bii2b-
M/ ˜ V (k)=
 
m eik·rmVm Bb i?2 6Qm`B2` i`Mb7Q`K Q7 i?2 +Q`2 ?QH2 TQi2MiBH QT2`@
iQ`X q2 b?Qr BM 6B;X kXk i?i 1[X UkXRRV ;Bp2b `2bmHib p2`v bBKBH` iQ i?2 2t+i 7Q`KmH
1[X UkX8V- r?B+? r2 mb2/ iQ ;2M2`i2 i?2 };m`2b BM i?Bb +?Ti2`X AM //BiBQM iQ KF@
BM; 2tTHB+Bi i?2 +QMM2+iBQM #2ir22M _Asa M/ i?2 DQBMi T`iB+H2@?QH2 /2MbBiv Q7 bii2b-
1[X UkXRRV Bb HbQ mb27mH 7Q` MHvxBM; i?2 /2T2M/2M+2 Q7 i?2 _Asa bB;MH QM i?2 BM+B/2Mi
T?QiQM 2M2`;v ωX >2`2 i?2 `2bQMM+2 BM ω Bb +QMpQHmi2/ rBi? i?2 #`Q/ M/ 72im`2H2bb
9p /2MbBiv Q7 bii2bX h?2 BMi2MbBiv Bb KtBKH r?2M ω Bb BM `2bQMM+2 iQ 2t+Bi2 i?2 +Q`2
2H2+i`QM iQ i?2 9p #M/ KBMBKmK- r?2`2 i?2 ;`QmT p2HQ+Biv pMBb?2b M/ i?2 p 2H2+i`QM
Bb KQbi HBF2Hv iQ `2im`M iQ i?2 +Q`2 ?QH2 bBi2X Pi?2` i?M i?Bb 72im`2 i?2 `2bQMMi 7+iQ`
vB2H/b HBiiH2 bi`m+im`2X AM T`iB+mH`- i?2 Qp2`HH b?T2 Q7 i?2 bT2+i`mK b  7mM+iBQM
Q7 ∆k M/ ∆ω Bb mM+?M;2/ b ω p`B2b UiQ i?2 TQBMi i?i ω = 10 2o vB2H/b };m`2b
B/2MiB+H iQ i?Qb2 b?QrM #Qp2- mT iQ M Qp2`HH b+H2V- Hi?Qm;? i?2 Qp2`HH K;MBim/2
Bb bi`QM;Hv ω@/2T2M/2MiX AM 2tT2`BK2Mib QM2 b?QmH/ imM2 ω iQ KtBKBx2 i?2 BMi2MbBiv
9e#mi p`vBM; ω vB2H/b MQ mb27mH BM7Q`KiBQMX
kX8 Hi2`MiBp2 MHvbBb Q7 _Asa .i
Ai Bb TQbbB#H2 i?i BM `2H bKTH2b- rBi? i?2 +QK#BM2/ 2z2+ib Q7 /BbQ`/2`- BM?QKQ;2M2Biv-
M/ MQM@`2bQMMi b+ii2`BM;- Bi Kv #2 /2bB`#H2 iQ BM+`2b2 i?2 biiBbiB+H TQr2` M/
`Q#mbiM2bb Q7 K2bm`2K2MibX PM2 rv iQ /Q i?Bb Bb iQ /2}M2 TT`QT`Bi2 p2`;2/
p`B#H2bX PM2 Mim`H +?QB+2 Bb bBKTHv iQ p2`;2 Qp2`  `M;2 Q7 ∆ω,
  ∆ω2
∆ω1
I(∆k,∆ω)d∆ω, UkXRkV
h?2 KQbi mb27mH +?QB+2 Q7 i?2 BMi2`pH [∆ω1,∆ω2] rBHH #2 bQK2 `M;2 Q7 bKHH 2M2`;v
i`Mb72`b rBi? ∆ω1 H`;2 2MQm;? iQ pQB/ i?2 2HbiB+ T2F #mi rBi? ∆ω2 bKHH 2MQm;?
i?i i?2 p2`;2/ [mMiBiv biBHH `2~2+ib i?2 `2/Bbi`B#miBQM Q7 HQr@2M2`;v T`iB+H2b M/
?QH2b /m2 iQ 62`KB bm`7+2 `2+QMbi`m+iBQMX AM 6B;X kX8 r2 THQi i?Bb BMi2;`i2/ BMi2MbBiv
BM i?2 rBM/Qr Ryy K2o ≤ ∆ω ≤ 8yy K2oX h?2 bK2 [mHBiiBp2 /BbiBM+iBQMb #2ir22M
bT2+i` i?i TT2`2/ 7Q` }t2/ 2M2`;v i`Mb72` ∆ω = 100 K2o `2 HbQ T`2b2Mi BM
i?2 BMi2;`i2/ bT2+i`- MK2Hv- +QM+2Mi`iBQM Q7 BMi2MbBiv M2` ∆k =( π,π) 7Q` ..q-
BM+`2b2 Q7 BMi2MbBiv HQM; i?2 ǳ`KbǴ ∆k =( k,k), 0 ≤ k ≤ π 7Q` 6 Q`/2`- M/ ;2M2`H
/Bzmb2M2bb Q7 BMi2MbBiv +`Qbb i?2 "`BHHQmBM xQM2 7Q` *.qX MQi?2` K2bm`2 Bb i?2 }`bi
KQK2Mi- i?i Bb- i?2 p2`;2/ 2M2`;v i`Mb72` ∆ω r2B;?i2/ #v i?2 BMi2MbBiv,
1stmoment(∆k)=
 
∆ωI(∆k,∆ω)d∆ω UkXRjV
h?Bb K2bm`2b i?2 b?B7i Q7 T`iB+H2@?QH2 TB`b iQ ?B;?2` 2M2`;B2b b ;Tb `2 QT2M2/ i
T`ib Q7 i?2 62`KB bm`7+2- M/ iQ HQr2` 2M2`;B2b b M2r T`ib Q7 i?2 62`KB bm`7+2 `Bb2X
9d6B;m`2 kX8, aK2 b 6B;X kXR #mi rBi? ∆ω BMi2;`i2/ 7`QK Ryy K2o iQ 8yy K2oX *HQ+FrBb2 7`QK
iQT H27i, mMQ`/2`2/ bii2- *.q- 6- ..qX
936B;m`2 kXe, *?M;2 BM }`bi KQK2Mib BMi2;`i2/ Qp2` Ryy K2o ≤ ∆ω ≤ 8yy K2o `2HiBp2 iQ
mMQ`/2`2/ }`bi KQK2Mib b 7mM+iBQM Q7 KQK2Mi +`Qbb i?2 2MiB`2 "`BHHQmBM xQM2X
AM 6B;X kXe r2 b?Qr i?2 /BbiBM+i Tii2`Mb BM i?2 }`bi KQK2Mib 7Q` ..q- *.q- M/ 6
Q`/2`b `2HiBp2 iQ i?2 mMQ`/2`2/ bii2X
amKK`vXĜ q2 T`2b2Mi2/  7Q`KHBbK 7Q` i`2iBM; 2t+i #M/ bi`m+im`2b M/ +Q`2 ?QH2
TQi2MiBHb BM BM/B`2+i _AsaX q2 b?Qr2/ i?i BM/B`2+i _Asa K2bm`2b i?2 DQBMi /2MbBiv
Q7 bii2b Q7 T`iB+H2b M/ ?QH2b M/ Bb b2MbBiBp2 iQ T2`im`#iBQMb iQ #M/ bi`m+im`2 /m2
iQ i?2 7Q`KiBQM Q7 HQ+H Q`/2`2/ bii2bX 6m`i?2`KQ`2- r2 b?Qr2/ i?i Bi Bb b2MbBiBp2
2p2M iQ ivT2b Q7 Q`/2` i?i /Q MQi KQ/mHi2 i?2 2H2+i`QM /2MbBivX
9N3
.B`2+i _Asa BM PTiBKHHv@/QT2/ M/
Pp2`@/QT2/ *mT`i2b
jXR AMi`Q/m+iBQM
b K2MiBQM2/ #Qp2- /B`2+i _Asa #2`b  7+BH2 +QKT`BbQM iQ M2mi`QM b+ii2`BM; BM i?i
#Qi? `2 KQK2MimK@ M/ 2M2`;v@ `2bQHp2/ T`Q#2b Q7 2t+BiiBQMb T`Q/m+2/ #v BM2Hb@
8yiB+ b+ii2`BM;X JMv /B`2+i _Asa 2tT2`BK2Mib BM +Q``2Hi2/ Ki2`BHb `2 BMi2`T`2i2/-
rBi?Qmi DmbiB}+iBQM- BM i2`Kb Q7 i?Bb +QKT`BbQMX >Qr2p2`- bQK2 i?Qm;?i `2p2Hb p2`v
bB;MB}+Mi /Bz2`2M+2 #2ir22M /B`2+i _Asa M/ M2mi`QM b+ii2`BM; i?i +HH BMiQ [m2biBQM
i?2 pHB/Biv Q7 i?2B` +QKT`BbQMX h?2`2 Bb- Q7 +Qm`b2- i?2 /2}MBM; T`QT2`iv i?i _Asa
Bb `2bQMMi r?BH2 M2mi`QM b+ii2`BM; Bb MQiX h?Bb T`QT2`iv Bb `2Hi2/ iQ i?2 7+i i?i
_Asa /2`Bp2b 7`QK  b2+QM/@Q`/2` T`Q+2bbX b  +QMb2[m2M+2- /B`2+i _Asa +M 2t?B#Bi 
MQM@i`BpBH +`Qbb b2+iBQM 2p2M BM i?2 #b2M+2 Q7 2H2+i`QM BMi2`+iBQMb Ĝ i?2 2H2+i`QM i?i
`2@}HHb i?2 +Q`2 ?QH2 Kv ?p2  HQr2` 2M2`;v i?M i?2 2t+Bi2/ T?QiQ2H2+i`QMX GbiHv-
/B`2+i _Asa +QmTH2b iQ Mv 2t+BiiBQM BMpQHpBM; pH2M+2 2H2+i`QMb bBM+2 Bi Bb /`Bp2M #v i?2
//BiBQM Q7 M 2H2+i`QM iQ i?2 pH2M+2 bvbi2KX h?Bb Bb BM +QMi`bi iQ M2mi`QM b+ii2`BM;-
r?B+? +QmTH2b mMK#B;mQmbHv iQ K;M2iB+ KQK2Mib M/ MQi iQ 2H2+i`QM +?`;2 /2MbBivX
AM i?Bb +?Ti2` r2 rBHH b?Qr BM i?2 +QMi2ti Q7 r2HH@FMQrM 2tT2`BK2Mib QM i?2 +mT`i2
bmT2`+QM/m+iQ`b i?i i?2 MHQ;v #2ir22M /B`2+i _Asa M/ M2mi`QM b+ii2`BM; Bb MQi
TT`QT`Bi2 M/ i?i i?2b2 2tT2`BK2Mib Kmbi #2 `2BMi2`T`2i2/X
Ai Bb rB/2Hv #2HB2p2/ i?i +QHH2+iBp2 K;M2iB+ KQ/2b T`QpB/2 i?2 ǳTB`BM; ;Hm2Ǵ `2bTQM@
bB#H2 7Q` ?B;?@i2KT2`im`2 bmT2`+QM/m+iBpBiv BM i?2 /QT2/ +mT`i2b3NX Ai Bb i?2`27Q`2
2ti`2K2Hv BKTQ`iMi iQ /2i2`KBM2 i?2 Mim`2 Q7 K;M2iBbK BM i?2b2 Ki2`BHbX _2+2Mi
`2bQMMi BM2HbiB+ t@`v b+ii2`BM; U_AsaV 2tT2`BK2Mib BM ?QH2@/QT2/ +mT`i2bej-e9-ke
}M/  T2F i 2M2`;v i`Mb72`b Q7 ∼ 200 − 300 K2o i?i p`B2b HBiiH2 BM HQ+iBQM M/
BMi2MbBiv #2ir22M i?2 mM/QT2/ M/ ?2pBHv@Qp2`/QT2/ T`ib Q7 i?2 T?b2 /B;`KX S`2pB@
Qmb rQ`Fej-e9-ke ?b BMi2`T`2i2/ i?Bb T2F b i?2 bB;Mim`2 Q7  +QHH2+iBp2 K;M2iB+ KQ/2
i?i 2pQHp2b rBi? /QTBM; 7`QK  +Q?2`2Mi K;MQM BM i?2 mM/QT2/ MiB72``QK;M2i iQ
 T`K;MQM rBi? p2`v HBiiH2 HQbb Q7 bT2+i`H r2B;?iX h?Bb BMi2`T`2iiBQM Bb i`Qm#HBM;
7Q` b2p2`H `2bQMbX 6B`bi- Qp2`/QT2/ +mT`i2b `2 ;QQ/ K2iHb M/ r2HH@/2b+`B#2/ #v
62`KB HB[mB/ i?2Q`vdec i?2`2 Bb HBiiH2 `2bQM iQ #2HB2p2 i?i i?2B` T`QT2MbBiv 7Q` K;@
8R6B;m`2 jXR, *H+mHi2/ U#H+F +m`p2V M/ 2tT2`BK2MiH U_27X (e9)- ;`22M /QibV BMi2MbBiv pbX 2M2`;v
i`Mb72` 7Q` bTBM@~BT _Asa Q7 QTiBKHHv@/QT2/ M/ Qp2`/QT2/ hH@kkyR 7Q` MiBMQ/H KQK2Mi Q =
q(π/a,0) 2t?B#BiBM; B/2MiB+H /BbT2`bBM; T2FbX q2 bm#i`+i2/  MQM@`2bQMMi 2HbiB+ T2F 7`QK
i?2 `r 2tT2`BK2MiH /iX q2 /B/ MQi `2KQp2 i?2 +QMi`B#miBQM Q7 dd 2t+BiiBQMb- r?B+? ++QmMib
7Q` i?2 /Bb+`2TM+v i H`;2 ∆ωX
M2iBbK Bb +QKT`#H2 iQ i?i Q7 i?2 mM/QT2/ MiB72``QK;M2iB+ JQii BMbmHiQ`X a2+QM/-
r?BH2 BM2HbiB+ M2mi`QM b+ii2`BM; 2tT2`BK2Mib /2i2+i K;M2iB+ +QHH2+iBp2 KQ/2b BM i?2
mM/QT2/ +mT`i2b- i?2v }M/ i?i i?2 bT2+i`H r2B;?i 7Q` K;M2iB+ 2t+BiiBQMb #Qp2
Ryy K2o /2+`2b2b /`KiB+HHv rBi? /QTBM;8j-RR9-RyR-Ry9 X 6BMHHv- bmT2`+QM/m+iBpBiv
BM i?2 +mT`i2b pMBb?2b `TB/Hv rBi? Qp2`/QTBM; M/ Bi rQmH/ #2 /B{+mHi iQ `2+QM+BH2
i?Bb rBi?  K;M2iB+ TB`BM; ;Hm2 B7 i?2 bT2+i`H r2B;?i Q7 K;M2iB+ 2t+BiiBQMb /B/ MQi
bBKmHiM2QmbHv /2+`2b2X
.2bTBi2 i?2 rB/2 `M;2 Q7 /QTBM; BM _Asa 2tT2`BK2Mib- KQbi i?2Q`2iB+H rQ`F ?b
7Q+mb2/ QM JQii BMbmHiBM; T?b2bRy3-RyN-kk BM T`2Mi Ki2`BHb M/ HQ+H +Hmbi2` KQ/2Hb
 a22- ?Qr2p2`- _27bX (k3) M/ (kd)- r?B+? `;m2 i?i i?2 #b2M+2 Q7 K;M2iB+ bB;Mim`2b BM
M2mi`QM b+ii2`BM; Bb MQi `2H2pMiX
8kQ7 /QT2/ Ki2`BHbRyN-89X *QMb2[m2MiHv- /i 7`QK Ki2`BHb rBi? BiBM2`Mi 2H2+i`QMb
?p2 #22M BMi2`T`2i2/ BM i2`Kb Q7 KQ/2Hb Q7 BMbmHiQ`bX AM T`iB+mH`- i?2 ?vTQi?2@
bBb i?i _Asa /i QM QTiBKHHv@ M/ Qp2`@/QT2/ +mT`i2b 2t?B#Bi bB;Mb Q7 +QHH2+iBp2
K;M2iB+ KQ/2b Bb bmTTQ`i2/ #v MHQ;v iQ bTBM rp2 i?2Q`B2b i?i TTHv iQ mM/QT2/
JQii@BMbmHiBM; +mT`i2b M/ MQi #v +H+mHiBQMb QM  KB+`Qb+QTB+ KQ/2H rBi? KQ#BH2
2H2+i`QMbX b 2p2M i?2 mM/2`/QT2/ +mT`i2b 2t?B#Bi  62`KB bm`7+2e8-jR-RRR- i?Bb MH@
Q;v Bb HBF2Hv iQ 7BH Qp2` Km+? Q7 i?2 +mT`i2 T?b2 /B;`KX h?Bb bBimiBQM Bb 2bT2+BHHv
mM7Q`imMi2 #2+mb2 Bi M2;H2+ib T`Q+2bb2b BM r?B+? QM2 [mbBT`iB+H2 bii2 Bb }HH2/ #v T?Q@
iQ#bQ`TiBQM M/  /Bz2`2Mi [mbBT`iB+H2 ?QH2 Bb H27i #v `2@2KBbbBQM U6B;X jXkV- r?B+?
+QMbiBimi2b i?2 m#B[mBiQmb HQr2bi@Q`/2` +QMi`B#miBQM iQ _Asa BM Mv BiBM2`Mi 2H2+i`QM
bvbi2KeyX AM i?Bb +?Ti2` r2 MHvx2 _Asa BM i?2 /QT2/ +mT`i2b rBi?  KQ`2 TT`Q@
T`Bi2 bBM;H2@#M/ [mbBT`iB+H2 KQ/2H BM Q`/2` iQ /2+B/2 r?2i?2` QM2 Kmbi BMpQF2 
?B;?2`@Q`/2` +QMi`B#miBQM 7`QK +QHH2+iBp2 KQ/2b iQ 2tTHBM 2tT2`BK2MiH /iX q2 }M/
i?i [mbBT`iB+H2b HQM2 vB2H/ 2t+2HH2Mi [mMiBiiBp2 ;`22K2Mi #2ir22M i?2Q`v M/ 2t@
T2`BK2MiX q2 HbQ //`2bb i?2 Bbbm2 Q7 r?2i?2` Qm` KQ/2H Bb MQi QMHv bm{+B2Mi #mi
M2+2bb`v iQ 2tTHBM 2tT2`BK2Mib- M/ T`QTQb2  bBKTH2 K2bm`2K2Mi iQ +QM+HmbBp2Hv
/BbiBM;mBb? [mbBT`iB+H2b 7`QK +QHH2+iBp2 KQ/2b BM _AsaX
"2HQr- r2 +H+mHi2 _Asa bT2+i` mbBM;  KQ/2H Q7 MQM@BMi2`+iBM; [mbBT`iB+H2b #mi
BM+Hm/BM; M BMi2`+iBQM rBi?  TQbBiBp2Hv@+?`;2/ +Q`2 ?QH2 pB M 2t+i /2i2`KBMMiH
K2i?Q/X q2 ++QmMi 7Q` bTBM@Q`#Bi bTHBiiBM; Q7 i?2 +Q`2 H2p2H BM /B`2+i _Asa- BM r?B+?
 *m 2p +Q`2 2H2+i`QM Bb T?QiQ2t+Bi2/ iQ i?2 pH2M+2 #M/- r?B+? QT2Mb  bTBM@~BT Ua6V
+?MM2H BM //BiBQM iQ i?2 MQM@bTBM@~BT ULa6V +?MM2Hd-3-98X q2 TTHv Qm` 7Q`KHBbK iQ
+mT`i2b Qp2`  `M;2 Q7 /QTBM; M/ +?B2p2 [mMiBiiBp2 ;`22K2Mi rBi? 2tT2`BK2MiH
/i U6B;X jXRVX AM T`iB+mH`- T2Fb BM i?2 +H+mHi2/ M/ K2bm`2/ HBM2b?T2b /BbT2`b2
B/2MiB+HHvX b BM 2tT2`BK2Mib r2 HbQ }M/ i?i La6 HBM2b?T2b `2 #`Q/2` M/ ?B;?2`
8j6B;m`2 jXk, .B`2+i _Asa T`Q+2bb i?i H2p2b #2?BM/  bBM;H2 T`iB+H2@?QH2 TB`X h?2 i`MbB2Mi +Q`2
?QH2 TQi2MiBH +M 2t+Bi2 KmHiBTH2 T`iB+H2@?QH2 TB`bX
896B;m`2 jXj, aTBM@~BT Uπ@TQH`Bx2/V M/ MQM@bTBM@~BT Uσ@TQH`Bx2/V MiBMQ/H Q =0 .80(π/a,0)
HBM2b?T2b Q7 QTiBKHHv@/QT2/ Up =0 .15V "B@kkRk 7Q` +Q`2 ?QH2 TQi2MiBH Uc =1 .0 2oX "Hm2,
bTBM@~BT +?MM2Hfπ@TQH`BxiBQMc `2/, MQM@bTBM@~BT +?MM2Hfσ@TQH`BxiBQMX aQHB/ HBM2b, +H+mHi2/
`2bmHibc i`BM;H2b- +B`+H2b, π@ M/ σ@ TQH`Bx2/ /i 7`QK _27X (kd)X
BM 2M2`;v i?M a6 HBM2b?T2bX h?2b2 72im`2b r2`2 T`2pBQmbHv ii`B#mi2/ iQ K;M2iB+
2z2+ib- #mi r2 }M/ i?i #M/ bi`m+im`2 HQM2 T`Q/m+2b /BbT2`bBM; HBM2b?T2b- r?BH2 i?2
+Q`2 ?QH2 +QK#BM2b rBi? SmHB #HQ+FBM; iQ b2T`i2 a6 M/ La6 HBM2b?T2bX
jXk h?2Q`2iB+H 6Q`KHBbK
AM+B/2Mi T?QiQMb rBi? KQK2MimK q M/ 2M2`;v ω b+ii2` BMiQ Qmi;QBM; KQK2MimK
q + Q M/ 2M2`;v ω − ∆ω- r?2`2 Q M/ ∆ω `2 i?2 KQK2MimK M/ 2M2`;v i`Mb72`-
rBi? BMi2MbBivey-3-98 I ∝
 
f |Af|
2 δ(Ef −Ei −∆ω)- r?2`2 Af Bb ;Bp2M #v i?2 E`K2`b@
88>2Bb2M#2`; 7Q`KmH,
Af =
 
m
eiQ·Rmχρσ⟨f|dmρ(Hm + ω − Ei + iΓ)−1d†
mσ|i⟩. UjXRV
>2`2 |i,f⟩ M/ Ei,f `2 i?2 BMBiBH M/ }MH 2H2+i`QM bii2b M/ 2M2`;B2b- d
†
mσ +`2i2b 
pH2M+2 2H2+i`QM Q7 bTBM σ i bBi2 m- Hm = H +Vm Bb i?2 bmK Q7 i?2 2[mBHB#`BmK >KBH@
iQMBM H M/ i?2 TQi2MiBH Vm /m2 iQ  +Q`2 ?QH2 i bBi2 m- M/ χρσ Bb  TQH`BxiBQM@
/2T2M/2Mi 2×2 bTBM Ki`Bt i?i +QK2b 7`QK i?2 T`Q/m+i Q7 irQ /BTQH2 Ki`Bt 2H2K2Mib,
⟨3dσ|Tσ|2p⟩ M/ ⟨2p|Tρ|3dρ⟩ 7Q` #bQ`TiBQM M/ 2KBbbBQM- r?2`2 T Bb  /BTQH2 i`MbBiBQM
QT2`iQ`ÞX AM /B`2+i _Asa i?2 bi`QM; U∼ ky 2oV bTBM@Q`#Bi +QmTHBM; Q7 i?2 *m 2p +Q`2
H2p2H BKTHB2b i?i i?2 2M2`;v 2B;2Mbii2b |2pJ,m⟩ `2 MQi 2B;2Mbii2b Q7 bTBM SzX h?mb
Qz@/B;QMH 2H2K2Mib ρ ̸= σ `2 T2`KBii2/X PM2 +M BbQHi2 2Bi?2` i?2 /B;QMH ULa6V
Q` Qz@/B;QMH Ua6V +QKTQM2Mi Q7 χ #v p`vBM; QMHv i?2 BM+B/2Mi TQH`BxiBQMX h?2
BKKQ#BH2 BMi2`K2/Bi2 bii2 +Q`2 ?QH2 /Q2b MQi TT2` 2tTHB+BiHv BM 1[X UjXRV #mi z2+ib
i?2 pH2M+2 bvbi2K BM/B`2+iHvX Ai 7Q`+2b #bQ`TiBQM M/ 2KBbbBQM iQ Q++m` QM i?2 bK2
bBi2 m M/ +QMi`B#mi2b  rB/i? Γ M/ i?2 TQi2MiBH Vm +iBM; QM pH2M+2 2H2+i`QMbX
.m2 iQ i?2 +Q`2 ?QH2 i?2 2B;2Mbii2b Q7 Hm ?p2 MQ bBKTH2 `2HiBQM iQ i?Qb2 Q7 H M/
Bi Bb +QMp2MB2Mi iQ rQ`F BM i?2 iBK2 /QKBMX h?Bb Tmib i?2 BMi2MbBiv BM i?2 7Q`Kd3
I ∝
  ∞
−∞
ds
  ∞
0
dt
  ∞
0
dτ eiω(t−τ)−is∆ω−Γ(t+τ) ×
 
mn
eiQ·(Rm−Rn)χρσχµνSmn
ρσµν,
UjXkV
Smn
ρσµν =
 
eiHτdnρe−iHnτd†
nσeiHs ...d mµeiHmtd†
mνe−iH(t+s)
 
. UjXjV
Þq2 2tTHB+BiHv /2`Bp2 i?2 2z2+ib Q7 bTBM@Q`#Bi +QmTHBM; BM i?2 amTTH2K2MiH Ji2`BHX a22 HbQ
_27bX (3) M/ (98)
8ePM2 Q#iBMb 1[X UjXkV pB i?2 B/2MiBiB2b 1/z =
  ∞
0 e−ztdt- δ(z)=
 
eiszds- `2TH+BM;
2B;2MpHm2b #v QT2`iQ`b- M/ `2+Q;MBxBM; `2bQHmiBQMb Q7 mMBiv- 2X;X
 
f |f⟩⟨f|...|i⟩δ(Ef−
Ei − ∆ω) →
 
dse−i∆ωseiHs ...e −iHis|i⟩X >Qr2p2`- 1[X U8XeV Bb #2bi mM/2`biQQ/ b 
?BbiQ`v Q7 #bQ`TiBQM M/ 2KBbbBQM 2p2Mib b2T`i2/ #v iBK2 2pQHmiBQM QT2`iQ`b- i?i
Bb- b i?2 iBK2@/2T2M/2Mi KTHBim/2 iQ b+ii2`  T?QiQMX h?2 BMi2MbBiv Bb Q#iBM2/ 7`QK
i?2 b[m`2 Q7 i?Bb KTHBim/2- ?2M+2 i?2 TB` Q7 +`2iBQM M/ MMB?BHiBQM QT2`iQ`b Bb
7QHHQr2/ #v Bib >2`KBiBM +QMDm;i2X
AM i?2 7QHHQrBM; MHvbBb r2 i`2i i?2 pH2M+2 #M/ b  bvbi2K Q7 MQM@BMi2`+iBM;
[mbBT`iB+H2bX h?Bb TT`QtBKiBQM Bb pHB/ r?2M i?2 [mbBT`iB+H2 HB72iBK2 Bb HQM; +QK@
T`2/ iQ i?2 +Q`2 ?QH2 HB72iBK2 1/Γ- BM r?B+? +b2 M 2H2+i`QM Bb mMHBF2Hv iQ b+ii2` BM i?2
#`B27 iBK2 #2ir22M #bQ`TiBQM M/ 2KBbbBQMX AM i?2 +mT`i2b- 7Q` 2tKTH2- ivTB+H pHm2b
`2 Γ = 300 − 500 K2o- r?B+? 2t+22/b [mbBT`iB+H2 rB/i?b 2p2M [mBi2 7` 7`QK i?2 i?2
62`KB bm`7+2X Uq2 bi`2bb i?i M2;HB;B#H2 [mbBT`iB+H2 b+ii2`BM; QM b?Q`i iBK2 b+H2b
Bb +QM+2TimHHv /BbiBM+i 7`QK  62`KB HB[mB/ ;`QmM/ bii2kNc i?2 7Q`K2`- 7Q` 2tKTH2-
BKTHB2b MQi?BM; #Qmi .* i`MbTQ`iVX
A7 MQi 7Q` i?2 BMb2`iBQM Q7 d M/ d† QT2`iQ`b r2 +QmH/ 2bBHv 2pHmi2 i?2 KMv@#Q/v
p2`;2 BM 1[X U8XeV BM i2`Kb Q7 i?2 Ki`B+2b h(m,n)- r?2`2 HQr2`+b2 H2ii2`b /2MQi2
i?2 Ki`Bt 2H2K2Mib Q7  [m/`iB+ QT2`iQ`, H = d
†
ihijdj- M/ i?2 62`KB Q++mTM+v
Ki`Bt N ≡
 
1+eβh −1X  r2HH@FMQrM B/2MiBiv33-Ny 7Q` i?2 p2`;2 Q7 2tTQM2MiBi2/
[m/`iB+ QT2`iQ`b
 
eZ 
=d e t
 
(1 − ˆ N)+ez ˆ N
 
2ti2M/b Mim`HHv iQ i?2 T`Q/m+i Q7
bm+? 2tTQM2MiBHb pB i?2 "F2`@*KT#2HH@>mbb/Q`z H2KK8dX hQ +QKTmi2 Smn
ρσµν 7Q`
/B`2+i _Asa r2 2ti2M/  K2i?Q/ TTHB2/ iQ imMM2HBM; BM [mMimK rB`2bk M/ `2bQMMi
2HbiB+ t@`v b+ii2`BM;Rk- r?B+? BMpQHp2/ Ki`Bt 2H2K2Mib HBF2 i?Qb2 BM 1[X U8XeV #mi rBi?
QM2 d M/ QM2 d†X q2 T`2b2Mi i?2 bi`B;?i7Q`r`/ #mi H2M;i?v /2`BpiBQM BM TT2M/Bt
8d.X h?2 `2bmHi Bb
Smn
ρσµν =d e t ( F)
 
⟨nρ|(1 − N)F−1e−ihnτ|nσ⟩⟨ mµ|e−ihseihnτ(1 − N)F−1Umn|mν⟩
+ ⟨nρ|(1 − N)F−1Umn|mν⟩⟨ mµ|eihmtU0NF−1e−ihnτ|nσ⟩
 
. UjX9V
r?2`2 Umn = e−ihnτeihseihmt- U0 = ei(τ−t−s)h- M/ F =1 −N+UmnU0NX 6Q`  7mHH #M/
S pMBb?2b- b Bi b?QmH/- M/ 7Q` M 2KTiv #M/ Bi `2/m+2b iQ ⟨n|e−ihnτ|n⟩⟨m|eihmt|m⟩-
 ;2M2`H i2`K BM i?2 i?2 2tT`2bbBQM
    
m
 
Gmm
3d (t)dt
   2X h?i Bb- i?2 KTHBim/2 Q7
_Asa BM M 2KTiv #M/ Bb i?2 +Q?2`2Mi bmK Q7 2H2+i`QM T`QT;iQ`b i?i bi`i M/
2M/ i i?2 bK2 +Q`2 ?QH2 bBi2X 1[X UjX9V T2`iBMb iQ  7mHH bTBM@Q`#BiH #bBb- #mi 7Q`
 bTBM@BM/2T2M/2Mi >KBHiQMBM 2bBHv 7+iQ`Bx2bX A7 H +QMiBMb  bBM;H2i TB`BM; i2`K
d
†
m,↑Bmnd
†
m,↓ Bi +M #2 Tmi BMiQ MQM@MQKHQmb 7Q`K bmBi#H2 7Q` Ki`Bt KMBTmHiBQMb
pB  i`Mb7Q`KiBQM d
†
m↑ ↔ dm↑X h?Bb ?M/H2b HH bTBM /2MbBiv rp2b M/ TB`BM; i2`Kb
i?i Q++m` BM i?2 +mT`i2bX JQ`2 +QKTH2t bTBM /2MbBiv rp2b M/ i`BTH2i TB`BM; `2[mB`2
 KQ`2 bQT?BbiB+i2/ 7Q`KHBbK83- r?B+? r2 T`2b2Mi BM TT2M/Bt X
jXj _2bmHib
q2 MQr TTHv i?Bb 7Q`KHBbK iQ bim/v +mT`i2 bmT2`+QM/m+iQ`b- +QKT`BM; Qm` `2@
bmHib iQ 2tT2`BK2Mib QM hH2"2*mP6+δ UhH@kkyRV M/ "B2a`2*mP6+x U"B@kkRkVX M
QmibiM/BM; TmxxH2 Bb i?2 2tBbi2M+2 Q7 T2Fb BM /B`2+i _Asa MQi b22M BM M2mi`QM b+i@
i2`BM;RR9 Q` BM/B`2+i _Asa9dX q2 mb2 i?2 bBM;H2@#M/ KQ/2H H =
 
k,σ εkd
†
k,σdk,σ-
r?2`2 εk = −2t1(cos(kx) + cos(ky)) − 4t2 cos(kx)cos(ky) − 2t3(cos(2kx) + cos(2ky)) −
4t4(cos(2kx)cos(ky)+cos(kx)cos(2ky))- mbBM; +MQMB+H iB;?i@#BM/BM; #M/ bi`m+im`2b }i
iQ _S1a /i, (t1,t 2,t 3,t 4) = (126,−36,15,1.5) K2o 7Q` "B@kkRkeN M/ (t1,t 2,t 3,t 4)=
(181,−75,−4,10) K2o 7Q` hH@kkyR3kX q2 bbmK2 M ii`+iBp2 +QMi+i TQi2MiBH Vm =
83−Uc
 
σ d
†
mσdmσ 7Q` i?2 +Q`2 ?QH2X q2 }t ω i i?2 #bQ`TiBQM KtBKmK b BM 2t@
T2`BK2MibX 6B;X jXR b?Qrb a6 BMi2MbBiv p2`bmb ∆ω 7Q` MiBMQ/H KQK2Mi Q ∥ (π,0) BM
QTiBKHHv@/QT2/ M/ Qp2`/QT2/ hH@kkyR Up =0 .17 M/ p =0 .27V rBi? Uc =1 .0 2o HQM;
rBi? /i 7`QK _27X (e9)X q2 bm#i`+i2/  :mbbBM 2HbiB+ T2F i ∆ω =07`QK HH
2tT2`BK2MiH /i M/ +QMpQHp2/ +H+mHi2/ HBM2b?T2b rBi? :mbbBMb Q7 rB/i? 2[mH iQ
i?2 BMbi`mK2MiH `2bQHmiBQMb Q7 i?2 +Q``2bTQM/BM; 2tT2`BK2MibX q2 +?QQb2 Uc =1 .0 2o
iQ Q#iBM i?2 #2bi }i iQ La6 HBM2b?T2bc a6 _Asa Bb M2`Hv BM/2T2M/2Mi Q7 UcX h?2 KQbi
bi`BFBM; 72im`2 Bb M BMi2MbBiv T2F i?i /BbT2`b2b iQ ?B;?2` 2M2`;v rBi? BM+`2bBM; KQ@
K2MimK- `2+?BM;  KtBKmK Q7 250−300 K2o- b b22M BM 2tT2`BK2Mibej-k3-ke-e9-kdX PM2
TQbbB#H2 BMi2`T`2iiBQM Bb i?i i?2b2 T2Fb `2 /m2 iQ BM2HbiB+ b+ii2`BM; Q7  +QHH2+iBp2
KQ/2X >Qr2p2`- r2 b22 i?i #M/ bi`m+im`2 HQM2 +M T`Q/m+2 i?2K ßX ZmMiBiiBp2Hv-
i?2 +H+mHi2/ M/ 2tT2`BK2MiH HBM2b?T2b ;`22 p2`v r2HH- rBi? i?2 HQ+iBQM Q7 T2Fb
M/ i?2B` HQr@2M2`;v bB/2 BM M2`Hv T2`72+i ;`22K2MiX h?2`2 Bb  bvbi2KiB+ /Bb+`2TM+v
i H`;2 pHm2b Q7 ∆ω /m2 iQ i?2 iBH Q7 Q`#BiH dd 2t+BiiBQMbRkRX Ai Bb `2bbm`BM; i?i
i?Bb /Bb+`2TM+v Bb M2`Hv BM/2T2M/2Mi Q7 KQK2MimK- b HQ+H 2t+BiiBQMb Qm;?i iQ #2X
h?2 +H+mHi2/ MQ/H M/ MiBMQ/H HBM2b?T2b HbQ ;`22 p2`v r2HH rBi? 2tT2`BK2MiH
/i 7`QK QTiBKHHv@/QT2/ "B@kkRk ȜX
AM 6B;X jXj r2 b?Qr i?i i?2 ;`22K2Mi #2ir22M i?2Q`v M/ 2tT2`BK2Mi 2ti2M/b
iQ La6 b+ii2`BM;X h?Bb Bb BKTQ`iMi #2+mb2 i?2 a6 M/ La6 +?MM2Hb +Q``2bTQM/
iQ bTBM M/ +?`;2 /2;`22b Q7 7`22/QK M/  /Bz2`2M+2 BM i?2B` HBM2b?T2b Bb b22M b
+QKT2HHBM; T`QQ7 Q7 K;M2iB+ T?vbB+bX AM/22/- i?2 Ki`Bt 2H2K2Mib BM 1[X UjX8V- #2HQr-
`2 KMB72biHv bTBM@BM/2T2M/2Mi- bQ i?i a6 M/ La6 HBM2b?T2b b?QmH/ #2 B/2MiB+H BM
i?2 #b2M+2 Q7 BMi2`+iBQMbX >Qr2p2`- i?2 +Q`2 ?QH2 TQi2MiBH /`KiB+HHv b2T`i2b
ßw2v?2` M/ :`2+Q KF2  bBKBH` +HBK #Qmi _KM bT2+i` BM _27X (Rkj) M/ `;m2 i?i
_Asa #2?p2b bBKBH`HvX
Ȝ>X _QMMQr- mMTm#HBb?2/
8Na6 M/ La6 HBM2b?T2bX b Uc BM+`2b2b- i?2 La6 T2F KQp2b iQ ?B;?2` 2M2`;B2b M/
#`Q/2Mb r?BH2 i?2 a6 T2F `2KBMb `2HiBp2Hv b?`T- 2t+iHv b b22M BM 2tT2`BK2MibX
6Q` Uc ∼ 1.0 2o i?2 ;`22K2Mi Bb p2`v ;QQ/ mT iQ 2M2`;B2b i r?B+? i?2 dd iBH #2+QK2b
bB;MB}+MiX
h?2 +Q`2 ?QH2 b2T`i2b a6 M/ La6 HBM2b?T2b b 7QHHQrb, Aib ii`+iBp2 TQi2MiBH
i2M/b iQ F22T i?2 T?QiQ2t+Bi2/ 2H2+i`QM Q7 bTBM σ #QmM/ M2` Rm- H2/BM; iQ 2HbiB+
b+ii2`BM;X SmHB #HQ+FBM; T`2p2Mib Qi?2` 2H2+i`QMb Q7 bTBM σ 7`QK ?QTTBM; QMiQ Rm M/
}HHBM; i?2 +Q`2 ?QH2- i?2`2#v `Q##BM; bT2+i`H r2B;?i 7`QK BM2HbiB+ b+ii2`BM;X qBi?
bm{+B2Mi 2M2`;v i?2 T?QiQ2t+Bi2/ 2H2+i`QM Kv #2 /BbHQ/;2/- HHQrBM; BM2HbiB+ b+ii2`@
BM;X >2M+2 La6 b+ii2`BM; rBi? bKHH ∆ω Bb bmTT`2bb2/ `2HiBp2 iQ b+ii2`BM; rBi? H`;2
∆ωX h?Bb `;mK2Mi /Q2b MQi TTHv iQ a6 b+ii2`BM; #2+mb2 bTBM@¯ σ 2H2+i`QMb `2 MQi
SmHB@#HQ+F2/X h?Bb 2tTHBMb i?2 Q#b2`p2/ /Bz2`2M+2 BM a6 p2`bmb La6 HBM2b?T2b b
r2HH b i?2 BMb2MbBiBpBiv Q7 La6 HBM2b?T2b iQ i?2 +Q`2 ?QH2X "2+mb2 i?Bb 2z2+i Bb MQM@
T2`im`#iBp2 M 2t+i MHvbBb Bb BM/BbT2Mb#H2 7Q` /2i2+iBM; BiX aBM+2 La6 HBM2b?T2b
+M #2 +H+mHi2/ `2bQM#Hv r2HH rBi?Qmi  +Q`2 ?QH2 TQi2MiBH  7Q`KmH 7Q` i?2 _Asa
BMi2MbBiv BM i?Bb HBKBi Kv #2 mb27mHX q2 Q#iBM
I ∝
 
α,β
   
   
 
k χρσ⟨α|k + Q,ρ⟩⟨k,σ|β⟩
ω − εβ + iΓ
   
   
2
nf(εα)(1 − nf(εβ))δ(εα − εβ − ∆ω) UjX8V
r?2`2 |k,k+Q⟩ `2 KQK2MimK 2B;2Mbii2b M/ |α,β⟩ `2 bBM;H2@T`iB+H2 2B;2Mbii2b Q7
H BM i?2 bTBM@Q`#BiH #bBbX
6BMHHv- r2 MQi2 i?i i?2 Qp2`HH BMi2MbBiv Q7 +H+mHi2/ M/ K2bm`2/ HBM2b?T2b
+?M;2b p2`v HBiiH2 7`QK i?2 QTiBKHHv@/QT2/ iQ i?2 Qp2`/QT2/ Ki2`BHX Pm` +H+mHiBQMb
/Bz2` 7`QK K2bm`2/ /i #v bQK2 Qp2`HH KmHiBTHB+iBp2 +QMbiMi /m2 iQ b2H7@#bQ`TiBQM-
T`QT2`iB2b Q7 i?2 TT`imb- M/ Qi?2` 7+iQ`bX >Qr2p2`- r2 mb2/ i?2 bK2 +QMbiMi 7Q`
eyHH HBM2b?T2b BM 6B;X jXR- M/ i?mb i?2 M2`Hv@B/2MiB+H BMi2MbBiB2b i /Bz2`2Mi /QTBM;b
BM Qm` +H+mHiBQMb `2 K2MBM;7mHX A7 i?2 _Asa bB;MH +K2 T`2/QKBMMiHv 7`QK 
+QHH2+iBp2 KQ/2 i?Bb rQmH/ BKTHv  bT2+i`H r2B;?i i?i p`B2b HBiiH2 rBi? /QTBM;X AM Qm`
KQ/2H- ?Qr2p2`- i?Bb ?TT2Mb Mim`HHv #2+mb2  bHB;?i +?M;2 BM +?2KB+H TQi2MiBH
/Q2b MQi bi`QM;Hv z2+i i?2 #M/ bi`m+im`2X
jX9 PmiHQQF
q2 /2`Bp2/  7Q`KHBbK iQ i`2i #M/ bi`m+im`2b- TB`BM;- M/ +Q`2 ?QH2 TQi2MiBHb BM
/B`2+i M/ BM/B`2+i _AsaX h?2 HBM2b?T2b r2 +H+mHi2/ BM  bBM;H2@#M/ KQ/2H Q7 KQ#BH2
2H2+i`QMb ;`22/ rBi? 2tT2`BK2Mib Qp2`  rB/2 `M;2 Q7 /QTBM; 7Q` #Qi? bTBM@~BT M/
MQM@bTBM@~BT b+ii2`BM;- M/ r2 7QmM/  K2+?MBbK #v r?B+? i?2 +Q`2 ?QH2 /Bz2`2MiBi2b
i?2 irQ +?MM2HbX q2 +QM+Hm/2/ i?i /BbT2`bBM; T2Fb b22M BM _Asa 2tT2`BK2Mib QM
+mT`i2b +M #2 ii`B#mi2/ iQ #M/ bi`m+im`2 HQM2 rBi?Qmi BMpQFBM; +QHH2+iBp2 KQ/2bX
h?mb i?2 +QMbiMi BMi2MbBiv Q7 T2Fb BM _Asa b /QTBM; BM+`2b2b /Q2b MQi BKTHv 
+QMbiMi bT2+i`H r2B;?i Q7 K;M2iB+ 2t+BiiBQMb- r?B+? ?b BKTQ`iMi BKTHB+iBQMb 7Q`
i?2 K2+?MBbK Q7 bmT2`+QM/m+iBpBiv BM i?2b2 Ki2`BHb3NX
Pm` KQ/2H Q7 MQM@BMi2`+iBM; [mbBT`iB+H2b Bb  T`BQ`B r2HH@bmTTQ`i2/ #v 2tT2`BK2MiH
2pB/2M+2 7Q` i?2 Qp2`/QT2/ +mT`i2bdeX h?2 ;`22K2Mi Q7 Qm` KQ/2H rBi? K2bm`2/ /i
bm;;2bib i?i Bi `2KBMb pHB/ iQ /QTBM; i H2bi b HQr b p =0 .15X q2 2tT2+i i?i Bi
rQmH/ rQ`F b 7` b p =0 .08- r?2`2  62`KB bm`7+2 Bb 7QmM/ BM 2tT2`BK2Mibe8-jR-RRRX
>Qr2p2`-  MQM@BMi2`+iBM; KQ/2H #2+QK2b BMbm{+B2Mi i bQK2 TQBMi BM i?2 mM/2`/QT2/
`2;BK2X h?2 MHvbBb T`2b2Mi2/ BM i?Bb +?Ti2` +M #2 2ti2M/2/ iQ /22THv@mM/2`/QT2/
MiB72``QK;M2iB+ bii2b pB M _S@HBF2 MHvbBb- r?B+? Bb FMQrM iQ +Q``2+iHv `2T`Q/m+2
bTBM rp2 2t+BiiBQMb BM i?2 BMbmHiBM; bii2X b i?2 BMb2MbBiBpBiv Q7 _Asa HBM2b?T2b iQ
eR/QTBM; BM i?2 `M;2 r2 ?p2 +QMbB/2`2/ T2`bBbib iQ bQK2 2ti2Mi iQ i?2 mM/QT2/ JQii
MiB72``QK;M2i-  i?2Q`v i?i #`B/;2b i?2b2 irQ HBKBib Bb p2`v /2bB`#H2X
q?BH2 r2 b?Qr2/ #Qp2 i?i  KQ/2H Q7 MQM@BMi2`+iBM; [mbBT`iB+H2b Bb BM 2t+2HH2Mi
;`22K2Mi rBi? _Asa 2tT2`BK2Mib- r2 ?p2 MQi v2i T`2b2Mi2/  T`2/B+iBQM i?i +QM@
i`bib BMi2`T`2iiBQMb BM i2`Kb Q7 [mbBT`iB+H2b M/ BM i2`Kb Q7 +QHH2+iBp2 KQ/2bX am+?
2pB/2M+2- ?Qr2p2`- +QmH/ 2bBHv #2 Q#iBM2/ #v K2bm`BM; _Asa HBM2b?T2b 7Q` BM+B/2Mi
2M2`;v ω #Qp2 i?2 #bQ`TiBQM KtBKmKX b b?QrM BM 6B;X jX9- b ω BM+`2b2b HBM2b?T2b
KQp2 iQ H`;2` ∆ωX h?2 _Asa bB;MH /m2 iQ BM2HbiB+ b+ii2`BM; Q7  +QHH2+iBp2 KQ/2
/Q2b MQi #2?p2 i?Bb rv #2+mb2 ∆ω +MMQi 2t+22/ i?2 2M2`;v Q7 i?2 KQ/2X Uh?Bb
bBKTH2 [mHBiiBp2 i2bi +QmH/ HbQ T`Qp2 mb27mH BM i?2 MHvbBb Q7 _Asa BM i?2 62@#b2/
bmT2`+QM/m+iQ`bRk9X Ai rQmH/ #2 BMi2`2biBM; iQ TTHv Qm` 7Q`KHBbK iQ bm+? bvbi2Kb-
r?2`2 M //BiBQMH +QKTHB+iBM; 7+iQ` Bb i?2 2tBbi2M+2 Q7 KmHiBTH2 #M/bVX h?Bb 2t2K@
THB}2b i?i QM2 Kmbi +H+mHi2 i?2 _Asa bB;MH Bib2H7- M/ MQi  T`Qtv bm+? b K;M2iB+
bm+2TiB#BHBivX  bmb+2TiB#BHBiv χ(ω,k) /2T2M/b QM  bBM;H2 7`2[m2M+v ω- r?B+? +Q``2@
bTQM/b iQ i?2 2M2`;v Q7 2t+BiiBQMbX aBM+2 i?2 2M2`;v i`Mb72` BM _Asa THvb  bBKBH`
`QH2 i?2 +Q``2bTQM/2M+2 ∆ω U_AsaV → ω Ubmb+2TiB#BHBivV Bb Q7i2M bbmK2/X >Qr2p2`-
i?Bb M2;H2+ib i?2 bB;MB}+Mi BMi2`THv Q7 ω M/ ∆ω BM _AsaX AM _Asa i?2 T?b2 bT+2
7Q` }MH bii2b Bb KQ/B}2/ #v i?2 BMi2`K2/Bi2 bii2 `2bQMM+2X 6Q` 2tKTH2- BM 6B;X jX9
i?2 BMi2`K2/Bi2 bii2 T?QiQ2H2+i`QMǶb 2M2`;v BM+`2b2b rBi? ω- r?B+? i2M/b iQ BM+`2b2
i?2 2M2`;v Q7 i?2 }MH bii2 T`iB+H2@?QH2 TB`X
ek6B;m`2 jX9, *H+mHi2/ BMi2MbBiv pbX 2M2`;v i`Mb72` 7Q` bTBM@~BT _Asa Q7 QTiBKHHv@/QT2/ "B@kkRk
UT4yXR8V 7Q` MiBMQ/H KQK2MimK Q =( π/a,0) i BM+B/2Mi 2M2`;B2b y- yXk- M/ yX9 2o #Qp2 i?2
#bQ`TiBQM KtBKmKX h?2 BM+`2b2 BM ∆ω rBi? ω Q++m`b r?2M i?2 _Asa }MH bii2 #2HQM;b iQ i?2
T`iB+H2@?QH2 +QMiBMmmK M/ /Q2b MQi Q++m` B7 i?2 }MH bii2 Bb M 2t+BiiBQM Q7  +QHH2+iBp2 KQ/2X
ej4
o`BiBQMH SQH`QM J2i?Q/ 7Q`
"Qb2@"Qb2 JBtim`2b
9XR AMi`Q/m+iBQM
h?2 2z2+i QM  bvbi2K Q7 BMi2`+iBQM rBi?  #QbQMB+ #i? Bb M BKTQ`iMi T`Q#H2K
BM +QM/2Mb2/ Kii2` T?vbB+b- r?2`2 T?QMQMb `2 m#B[mBiQmb M/ K;M2iB+ KQ/2b Kv
e9HbQ TT2`X AM `2+2Mi v2`b- 2tT2`BK2Mib ?p2 T`Q/m+2/ /2;2M2`i2 "Qb2@62`KB9j-3y-R8
M/ "Qb2@"Qb2ky-Rd-jd KBtim`2b Q7 mHi`+QH/ iQKb rBi? BM+`2bBM; /2;`22 Q7 +QMi`QH-
KFBM; TQbbB#H2 i?2 [mMimK bBKmHiBQM Q7 #QbQMB+ 2MpB`QMK2MibX h?2 #2?pBQ` Q7 
bBM;H2 BKTm`Biv T`iB+H2 BM  #QbQMB+ #i? Bb p2`v r2HH@mM/2`biQQ/X "Qi? i?2 bTBM@#QbQM
T`Q#H2K 7Q` M BKKQ#BH2 BKTm`Biv M/ i?2 TQH`QM T`Q#H2K 7Q`  KQ#BH2 BKTm`Biv ?p2
#22M bim/B2/ 7Q`  rB/2 `M;2 Q7 T`K2i2`bX >Qr2p2`- i?2 2z2+i Q7  #i? QM  KMv@
#Q/v bvbi2K- BM r?B+? +b2 QM2 ?b Qp2`HTTBM; BMi2`+iBM; TQH`QMb `i?2` i?M  bBM;H2
TQH`QM- ?b MQi #22M MHvx2/ i?Q`Qm;?HvX Ai Bb p2`v /2bB`#H2 iQ /2p2HQT i?2Q`2iB+H
iQQHb 7Q` i?Bb T`Q#H2KX >2`2 r2 rBHH 2tKBM2 i?2 2tKTH2 Q7 #QbQMb BM  bmT2`~mB/ #i?
M/ b?Qr i?i i?2 p`BiBQMH TQH`QM i`Mb7Q`KiBQM Bb  mb27mH- ~2tB#H2- M/ BMimBiBp2
i2+?MB[m2X
q?2M ?2pv #QbQMb UǵǶV BMi2`+i rBi?  #i? Q7 HB;?i #QbQMb Uǵ"ǶV- T?QMQM@HBF2 2t@
+BiiBQMb Q7 ǵ"Ƕ /`2bb T`iB+H2b Q7 ǵǶX .m2 iQ i?Bb /`2bbBM; i?2 ǵǶ #QbQMb /`;  +HQm/ Q7
ǵ"Ƕ #QbQMb rBi? i?2K M/ b22  +QM+QKBiMi BM+`2b2 BM i?2B` 2z2+iBp2 KbbX h?2 /`2bb@
BM; HbQ BM/m+2b BMi`bT2+B2b BMi2`+iBQMb #2ir22M ǵǶ #QbQMb- r?B+? b22 2+? Qi?2`Ƕb
bbQ+Bi2/ T?QMQM +HQm/bX AM i?Bb rQ`F r2 bim/v i?2 +QMb2[m2M+2b Q7 i?2 ǵ"Ƕ T?QMQM
#i? QM  ?2pv "Qb2 bvbi2K ǵǶ i?i Bb M2`  JQii BMbmHiQ`@bmT2`~mB/ i`MbBiBQMj9-9yX
AM i?Bb bBimiBQM i?2 `2MQ`KHBxiBQM Q7 Kbb 7pQ`b  JQii BMbmHiBM; T?b2X q2 2t@
T2+i BMbiMiM2Qmb BM/m+2/ BMi2`+iBQMb i b?Q`i /BbiM+2b iQ #2 ii`+iBp2 bBM+2 irQ
ǵǶ #QbQMb M2` iQ QM2 MQi?2` rBHH i2M/ iQ /BbiQ`i i?2 /2MbBiv Q7 ǵ"Ƕ #QbQMb BM i?2
bK2 rvX h?Bb `2/m+iBQM BM i?2 QM@bBi2 `2TmHbBQM 7pQ`b i?2 bmT2`~mB/ T?b2X i H`;2`
/BbiM+2b BM/m+2/ BMi2`+iBQMb +M #2 ii`+iBp2 Q` `2TmHbBp2 /m2 iQ  +QKTHB+i2/ BM@
i2`THv #2ir22M i?2 b?T2 Q7 T?QMQM +HQm/b M/ `2i`/iBQM 2z2+ibX >Qr2p2`- i?2b2
Qz@bBi2 BM/m+2/ BMi2`+iBQMb `2 Km+? r2F2` i?M i?2 QM@bBi2 QM2X
h?2 +MQMB+H GM;@6B`bQp- Q` ǳTQH`QMǴ- i`Mb7Q`KiBQM Bb  rQ`F?Q`b2 Q7 +QM/2Mb2/
e8Kii2` i?2Q`v i?i `2+bib  T`Q#H2K BM i2`Kb Q7 /`2bb2/ [mbBT`iB+H2bX b bm+? Bi
2M+QKTbb2b i?2 irQ 7Q`2K2MiBQM2/ +QKT2iBM; `2MQ`KHBxiBQMb Q7 Kbb M/ QM@bBi2
`2TmHbBQMX >Qr2p2`- i?2`2 Bb MQ ;m`Mi22 i?i Bi /Q2b bQ rBi?Qmi #BbX PM2 +M BK@
T`Qp2 mTQM i?2 TQH`QM i`Mb7Q`KiBQM #v HHQrBM; T`K2i2`b +QMi`QHHBM; i?2 b?T2
Q7 i?2 TQH`QM +HQm/ iQ #2+QK2 p`BiBQMHX h?Bb K2i?Q/ rb Q`B;BMHHv mb2/ iQ bim/v
BbQHi2/ 2t+BiQMb BMi2`+iBM; rBi? T?QMQMbRR3X >2`2 r2 /2KQMbi`i2 i?i i?Bb 7Q`KH@
BbK Bb 2[mHHv r2HH@bmBi2/ 7Q` MHvxBM; KmHiBTH2 BMi2`+iBM; TQH`QMb- rBi? bm`T`BbBM;Hv
HBiiH2 //BiBQMH /B{+mHiv +QKT`2/ iQ i?2 bBM;H2 TQH`QM +b2X qBi? i?Bb i2+?MB[m2 r2
/`2bb 2+? ǵǶ #QbQM rBi?  TQH`QM +HQm/ Q7 "Q;QHBm#Qp T?QMQMb M/ i?2M Q#iBM b2H7@
+QMbBbi2Mi Hv i?2 QTiBKH b?T2 Q7 i?2b2 TQH`QM +HQm/bX h?2 p`BiBQMHHv@/2i2`KBM2/
TQH`QM b?T2 T`2b+`B#2b M 2z2+iBp2 `2MQ`KHBx2/ ǵǶ >KBHiQMBM- i?2 ;`QmM/ bii2 Q7
r?B+? r2 }M/ iQ Q#iBM i?2 T?b2 /B;`K BM i?2 T`2b2M+2 Q7 ǵ"ǶX
9Xk JQii@amT2`7HmB/ h`MbBiBQM
*QMbB/2` ?2pv #QbQMb ǵǶ rBi? }HHBM; b2i #v +?2KB+H TQi2MiBH µa M/ HB;?i #QbQMb ǵ"Ƕ
rBi? }HHBM; n0 QM  d@/BK2MbBQMH ?vT2`+m#B+ HiiB+2- rBi? >KBHiQMBM H = Ha +Hb +
Hab- r?2`2
Ha =ta
 
⟨ij⟩
a
†
iaj +
 
i
 
Ua
2
na
i(na
i − 1) − µana
i
 
U9XRV
Hb =tb
 
⟨ij⟩
b
†
ibj +
 
i
Ub
2
nb
i(nb
i − 1) U9XkV
Hab =Uab
 
i
na
inb
i U9XjV
eeAM i?2 /22T bmT2`~mB/ HBKBi BM r?B+? i?2 +QM/2Mbi2 +QMiBMb M2`Hv HH ǵ"Ƕ #QbQMb- i?2
"Q;QHBm#Qp i`Mb7Q`KiBQMjN- ck = b
†
0(b
†
0b0 +1)−1/2bk- αk = ukck +vkc−k- /B;QMHBx2b
Hb b
Hb =
 
k
ωkα
†
kαk U9X9V
B7 u2
k =( ξk/ωk + 1)/2- v2
k =( ξk/ωk − 1)/2- ξk ≡ εk + n0Ub- ω2
k = εk(εk +2 n0Ub)-
εk = −2(cosk1 + ...+ coskd − d)X AM i?2 bK2 HBKBi
Hab =
1
√
N
 
i,k̸=0
n
(a)
i βkΦkeik·Ri, U9X8V
r?2`2 βk ≡ Uab
√
n0(uk − vk) M/ Φk = α
†
k + α−k- Πk = α
†
k − α−k `2- mT iQ +QMbiMi
7+iQ`b- i?2 ǵ"Ƕ /2MbBiv ~m+imiBQM QT2`iQ` i KQK2MimK k M/ Bib ;2M2`iQ`X q2 ?p2
H27i Qmi  i2`K n0Uab
 
na
i- r?B+? b?B7ib µa → µa − Uabn0X
h?2 TQH`QM i`Mb7Q`KiBQMek
˜ H = eSHe−S = H +[ S,H]+
1
2!
[S,[S,H]]..., U9XeV
S =
 
i,k̸=0
n
(a)
i
fkβkΠk √
Nωk
eik·Ri U9XdV
+M+2Hb i?2 BMi2`+iBQM Hab B7 fk ≡ 1 Ĝ i?Bb Bb i?2 Q`B;BMH GM;@6B`bQp i`Mb7Q`KiBQM-
r?B+? Bb vB2H/b M 2t+iHv@bQHp#H2 >KBHiQMBM 7Q`  bBM;H2 biiB+ BKTm`Biv rBi? ta =0 X
edAM ;2M2`H
˜ H =ta
 
⟨ij⟩
a
†
iaj exp
 
k̸=0
fkβkΠk √
Nωk
(eik·Ri − eik·Rj)
+
 
k
ωkα
†
kαk +
1
2
 
i,j
Vijninj +
Ua
2
ni(ni − 1)
− µani +
 
i,k̸=0
ni
βkΦk √
N
(1 − fk)eik·Ri, U9X3V
r?2`2 7Q` R = Ri − Rj
Vij = VR = − 2
 
k̸=0
β2
k
Nωk
(2fk − f2
k)eik·R. U9XNV
q2 MQi2 i?i i?2 b2`B2b 1[X U9XeV 2M/b 7i2` QM2 Q` irQ bm++2bbBp2 +QKKmiiQ`b 7Q` HH
i2`Kb BM ˜ H 2t+2Ti i?2 `2MQ`KHBx2/ ?QTTBM; i2`KX >Qr2p2`- i?Bb i2`K BM 1[X U9X3V
Bb HbQ 2t+i b r2 `2+Q;MBx2 i?2 BM}MBi2 b2`B2b b i?2 hvHQ` b2`B2b Q7 i?2 2tTQM2MiBH
7mM+iBQMX q2 b?HH Hi2` mb2 i?2 7+i i?i
 
R
VR = − 2
 
k̸=0
β2
k
Nωk
(2fk − f2
k)
 
R
eik·R
= − 2N
 
k̸=0
β2
k
Nωk
(2fk − f2
k)δk,0 =0 . U9XRyV
h?Bb B/2MiBiv Bb  bii2K2Mi Q7 +?`;2 +QMb2`piBQM Ĝ i?2 +?M;2 BM TQi2MiBHb b22M #v
ǵǶ #QbQMb /m2 iQ  TQH`QM +HQm/ Bb bBKTHv Uab iBK2b i?2 `2/Bbi`B#mi2/ ǵ"Ƕ /2MbBiv Q7
i?2 +HQm/- r?B+? Kmbi bmK iQ x2`QX
h?2 TQH`QM i`Mb7Q`KiBQM- r?B+? r2 T`2b2Mi2/ #Qp2 b  i`Mb7Q`KiBQM QM i?2
>KBHiQMBM Bb- 2[mBpH2MiHv-  i`Mb7Q`KiBQM QM rp27mM+iBQMb Ψ → eSΨX AM S-
7+iQ` T`QTQ`iBQMH iQ fk M/ i?2 /2MbBiv
 
i nieik·Ri Q7ǵǶ KmHiBTHv i?2 ;2M2`iQ` ΠkX
e3h?mb i?2 TQH`QM i`Mb7Q`KiBQM HB;Mb i?2 /2MbBiv ~m+imiBQMb Q7 i?2 irQ bT2+B2b-
/`2bbBM; ǵǶ #QbQMb rBi? +Q?2`2Mi bii2b Q7 ǵ"Ƕ T?QMQMb- rBi? i?2 KQmMi Q7 HB;MK2Mi
b2i #v fkX h?Bb `2/m+2b TQi2MiBH 2M2`;v i i?2 +Qbi Q7 2t+BiBM; T?QMQMbX Hi2`MiBp2Hv-
+QMbB/2`BM; i?2 i`Mb7Q`KiBQM QM QT2`iQ`b- i?2 ǵ"Ƕ /2MbBiv i`Mb7Q`Kb b
˜ b
†
i˜ bi = b
†
ibi +
 
R,k̸=0
nRi+Reik·R fkβk √
Nωk
(uk − vk), U9XRRV
7`QK r?B+? Bi Bb +H2` i?i fk /2i2`KBM2b i?2 b?T2 Q7 i?2 T?QMQM +HQm/ ii+?2/ iQ 2+?
ǶǶ #QbQMX h?2 BM/m+2/ BMi2`+iBQMb VR `2 i?2 b2H7@BMi2`+iBQMb Q7 ǵǶ K2/Bi2/ #v ǵ"ǶX
6m`i?2`KQ`2- Bi Bb 2pB/2Mi i?i #v /DmbiBM; {fk} r2 +M Q#iBM M `#Bi``v U6Qm`B2`@
i`Mb7Q`K2/V T?QMQM +HQm/ /2MbBiv- i?mb ?B;?HB;?iBM; i?2 ;2M2`HBiv Q7 i?2 p`BiBQMH
TQH`QM TT`Q+?X
q2 iF2 b  p`BiBQMH Mbix  TQH`QM@i`Mb7Q`K2/ T`Q/m+i rp27mM+iBQM Ψ=
eS|Ψa⟩⊗| 0b⟩- r?2`2 |0b⟩ Bb i?2 ǵ"Ƕ T?QMQM p+mmKX h?2 p`BiBQMH 2M2`;v Bb
E[f]=⟨Ψa|⟨0b|e−SHeS|Ψa⟩|0b⟩ = ⟨Ψa|⟨0b| ˜ H|0b⟩|Ψa⟩. U9XRkV
p2`;BM; rBi? `2bT2+i iQ i?2 T?QMQM p+mmK bBKTHB}2b i?2 i2`Kb Q7 ˜ H BM 1[X 9X3
;`2iHvX h?2 `2bB/mH BMi2`+iBQM Bb T`QTQ`iBQMH iQ Φk = α
†
k + α−k M/ pMBb?2b mTQM
p2`;BM; rBi? `2bT2+i iQ |0b⟩- b /Q2b i?2 T?QMQM 2M2`;vX h?2 /`2bb2/ ?QTTBM; i2`K
#2+QK2b ˜ t
 
⟨ij⟩ a
†
iaj- rBi?  `2MQ`KHBx2/ ?QTTBM;
˜ t = ta exp
⎡
⎣−
2
z
 
k,a
f2
kβ2
k
Nω2
k
sin2(k · a/2)
⎤
⎦ U9XRjV
r?2`2 a `2 M2`2bi@M2B;?#Q` /BbTH+2K2Mib M/ z =2 dX aT2+B2b B ?b /`QTT2/ Qmi
eNQ7 i?2 p`BiBQMH 2M2`;v +QKTH2i2Hv M/ i?2 p`BiBQMH 2M2`;v 7mM+iBQMH E[f] Bb i?2
;`QmM/ bii2 2M2`;v Q7 M 2z2+iBp2 >KBHiQMBM
Heﬀ = Ha(ta → ˜ t)+
1
2
 
i,j
Vijninj. U9XR9V
h?Bb `2/BHv ;2M2`HBx2b iQ }MBi2 i2KT2`im`2 #v mb2 Q7 i?2 :B##b@"Q;QHBm#Qp BM2[mH@
BivRR3-Ne- M mTT2` #QmM/ QM i?2 7`22 2M2`;v i?i QM2 KBMBKBx2b rBi? `2bT2+i iQ i?2
T`K2i2`b Q7 i?2 p`BiBQMH >KBHiQMBM- BM +QMi`bi iQ i?2 _vH2B;?@_Bix BM2[mHBiv-
r?B+? Bb M mTT2` #QmM/ QM i?2 ;`QmM/ bii2 2M2`;vX
q2 }M/ 2KTB`B+HHv i?i i?2 QMbBi2 BM/m+2/ BMi2`+iBQM V0 Bb /QKBMMi- rBi? i?2
M2`2bi@M2B;?#Q` BMi2`+iBQM Vnn ≡ Va bB;MB}+MiHv bKHH2` M/ HH Qi?2` BMi2`+iBQMb
KBMBb+mH2X h?2`27Q`2 r2 T`iBiBQM Heﬀ b
Heﬀ = Ha(ta,U a,µ a → ˜ t, ˜ U,˜ µ)+
 
⟨ij⟩
Vaninj + V ′ U9XR8V
r?2`2 ˜ U = Ua + V0- ˜ µ = µa − V0/2- M/ V ′ = 1
2
 
i̸=j,j+a VijninjX
AbFBM M/ 6`22`B+Fb8k ?p2 +H+mHi2/ i?2 T?b2 /B;`K Q7  "Qb2@>m##`/ KQ/2H
rBi? M2`2bi M2B;?#Q` BMi2`+iBQM mbBM;  i?B`/@Q`/2` bi`QM; +QmTHBM; 2tTMbBQMX h?2v
+H+mHi2/ i?2 2M2`;v Q7 T`iB+H2 M/ ?QH2 /272+ib BM i?2 JQii BMbmHiBM; T?b2X S?b2
#QmM/`B2b Q++m` r?2M i?2 2M2`;v Q7 2Bi?2` /272+i pMBb?2bX >Qr2p2`- r2 +MMQi bBKTHv
/Bb+`/ i?2 HQM;2`@`M;2 BMi2`+iBQMb V ′ M/ mb2 _27X (8k) /B`2+iHvX Hi?Qm;? 2+? i2`K
BM V ′ Bb bKHH- i?2 }`bi Q`/2` +QMi`B#miBQM 7`QK i?2B` bmK Bb MQM@M2;HB;B#H2X h?Bb Bb /m2
iQ i?2 7+i i?i
 
VR =0 - r?B+? BKTHB2b
 
|R|>1 VR = −V0 − zVaX h?2 +Q``2+iBQMb iQ
dy}`bi Q`/2` BM V ′ 7Q` i?2 ni? JQii HQ#2 `2
 
V ′ 
Mott = − n2(V0 + zVa)/2 U9XReV
 
V ′ 
part = − (n2/2+n)(V0 + zVa) U9XRdV
 
V ′ 
hole = − (n2/2 − n)(V0 + zVa). U9XR3V
h?2 ?QTTBM; KTHBim/2 ˜ t /Q2b MQi TT2` BM i?2 +Q``2+iBQMb /m2 iQ V ′- bQ- 2t+2Ti 7Q`
x2`Qi? Q`/2` i2`Kb BM ˜ t- 1[bX UR9@R8V Q7 _27 (8k) 7Q` i?2 T`iB+H2 M/ ?QH2 ;Tb TTHv
T`QpB/2/ i?i r2 mb2 t,U,µ,Vnn → ˜ t- ˜ U,˜ µ,VaX //BM; i?2 +Q``2+iBQMb 7`QK 1[bX U9XRe @
9XR3V iQ i?2 bi`QM;@+QmTHBM; 2tTMbBQMb /2`Bp2/ #v AbFBM M/ 6`22`B+Fb r2 ?p2- iQ i?B`/
Q`/2`
∆p =Uan − µa + V0/2 − (n + 1)z˜ t + n
 
(n + 1)
 
1 − z
˜ U
+
2 − 2z
˜ U − 2Va
+
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−
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2˜ U − 2Va
 
z˜ t2 − n(n + 1)
 
n
 
z − 2
˜ U2 +
z2 − 3z +3
(˜ U − Va)2
 
+( n + 1)
 
2z2 − 6z +6
˜ U(˜ U − Va)
+
z − z2
˜ U2 +
2z − 2z2
(˜ U − 2Va)2 −
2z2 − 6z +6
(˜ U − Va)2 +
4z − 8
˜ U(˜ U − 2Va)
+
4z2 − 12z + 12
(˜ U − Va)(˜ U − 2Va)
 
+( n + 2)
 
z − 1
˜ U(˜ U − Va)
−
z
4(˜ U − Va)2
  
z˜ t3 U9XRNV
∆h = − Ua(n − 1) + µa + V0/2 − nz˜ t +( n + 1)
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1 − z
˜ U
+
2 − 2z
˜ U − 2Va
+
2z
˜ U − Va
 
−
n − 1
2˜ U − 2Va
 
z˜ t2 − n(n + 1)
 
(n + 1)
 
z − 2
˜ U2 +
z2 − 3z +3
(˜ U − Va)2
 
+ n
 
2z2 − 6z +6
˜ U(˜ U − Va)
+
z − z2
˜ U2 +
2z − 2z2
(˜ U − 2Va)2 −
2z2 − 6z +6
(˜ U − Va)2 +
4z − 8
˜ U(˜ U − 2Va)
+
4z2 − 12z + 12
(˜ U − Va)(˜ U − 2Va)
 
+( n − 1)
 
z − 1
˜ U(˜ U − Va)
−
z
4(˜ U − Va)2
  
z˜ t3 U9XkyV
dRhQ i?B`/ Q`/2` i?2 JQii 2M2`;v Bb
EMott =
Ua
2
n(n − 1) − µan − n(n + 1)
z˜ t2
˜ U − Va
. U9XkRV
h?2 JQii 2M2`;v iQ x2`Qi? Q`/2` BM ˜ t- i?i Bb- i?2 }`bi irQ i2`Kb Q7 1[X U9XkRV- /2T2M/b
QM mM`2MQ`KHBx2/ Ua M/ µaX h?Bb `2~2+ib i?2 7+i i?i  ?QKQ;2M2Qmb bvbi2K +M@
MQi #2 /`2bb2/ #v /2MbBiv ~m+imiBQMbX GBF2rBb2- i?2 T`iB+H2 M/ ?QH2 2t+BiiBQMb `2
?QKQ;2M2Qmb 2t+2Ti 7Q` QM2 T`iB+H2 Q` ?QH2 rBi? b2H7@2M2`;v V0X >B;?2`@Q`/2` +QMi`B@
#miBQMb- BM +QMi`bi- BMpQHp2 `2MQ`KHBx2/ T`K2i2`b #2+mb2 i?2 JQii T?b2 +QMiBMb
[mMimK ~m+imiBQMb i?i +M #2 /`2bb2/X AM Qi?2` rQ`/b- i?2 JQii T?b2 +QMiBMb 
b2 Q7 pB`imH TQH`QMbX
q2 Kmbi /2i2`KBM2 i?2 p`BiBQMH T`K2i2`b fk BM Q`/2` iQ Q#iBM i?2 T?b2 /B@
;`KX JBMBKBxBM; i?2 fk@/2T2M/2Mi T`i ˜ t2/(˜ U − Va) Q7 EMott vB2H/b i?2 MHviB+
2tT`2bbBQM
fk =
 
1+
Ua
2zωk
−
4
z2ωk
λ
 −1
, U9XkkV
λ =
1
N
 
q̸=0,a
β2
q
ωq
sin2(q · a/2)(2fq − f2
q) U9XkjV
h?Bb 2[miBQM +M #2 bQHp2/ Bi2`iBp2Hv- +QMp2`;BM; iQ  bQHmiBQM 7Q` λ BM b2p2`H Bi2`iBQMb
2p2M M2` i?2 +`BiB+H TQBMiX 6`QK fk r2 i?2M ?p2 VR M/ ˜ ta M/ +M bQHp2 ∆p(h) =0
mbBM; i?2 bi`QM;@+QmTHBM; 2tT`2bbBQMb rBi? KQ/B}2/ x2`Qi?@Q`/2` i2`Kb iQ }M/ µa i
i?2 mTT2` M/ HQr2` #QmM/`B2b Q7 i?2 JQii HQ#2 BM i?2 ta − µa THM2X b fk M/
i?2 `2MQ`KHBxiBQMb `2 BM/2T2M/2Mi Q7 µa- i?2 2[miBQMb 7Q` i?2 T?b2 #QmM/`B2b `2
HBM2` BM µa- ?2M+2 i`BpBHHv bQHp2/X
Ai Bb r2HH@FMQrM i?i bi`QM;@+QmTHBM; T2`im`#iBQM i?2Q`v Qp2`2biBKi2b i?2 bBx2 Q7
dki?2 JQii HQ#2X hQ KBiB;i2 Bib /2}+B2M+B2b M2` i?2 +`BiB+H TQBMi- r2 mb2 i?2 +?2KB+H
TQi2MiBH 2ti`TQHiBQM K2i?Q/jeX G2i µ± /2MQi2 i?2 mTT2` M/ HQr2` 2/;2b Q7 i?2
JQii HQ#2b M/ H2i µSC
± /2MQi2 i?2 mTT2` M/ HQr2` 2/;2b b Q#iBM2/ 7`QK Qm` bi`QM;
+QmTHBM; TT`QtBKiBQMX h?2 B/2 Bb iQ }i i?2 T?b2 #QmM/`v iQ i?2 b+HBM; 7Q`K
µ± = A(ta) ±
1
2
B(ta)(tc
a − ta)zν, U9Xk9V
r?2`2 A(x) M/ B(x) `2 bKQQi? 7mM+iBQMb Q7 x = taX q2 rBHH mb2 i?2 +QMbi`BM2/
2ti`TQHiBQM K2i?Q/ BM r?B+? r2 mb2 i?2 FMQrM +`BiB+H 2tTQM2Mi zν =2 /3 UbT2+B2b
ǵ"Ƕ /Q2b MQi mM/2`;Q  T?b2 i`MbBiBQM M/ bQ /Q2b MQi KQ/B7v +`BiB+H 2tTQM2Mib- M/
i?2 JQii@bmT2`~mB/ i`MbBiBQM Q7 i?2 bBM;H2 bT2+B2b ǵǶ #2HQM;b iQ i?2 mMBp2`bHBiv +Hbb
Q7 i?2 (d + 1)@/BK2MbBQMH su KQ/2H- i?2 `2MQ`KHBxiBQM ;`QmT i`2iK2Mi Q7 r?B+? Bb
r2HH@FMQrMVX h?2 #2bi }i 7Q` A(t) Bb +H2`Hv
A(ta)=( µSC
+ (ta)+µSC
− (ta))/2. U9Xk8V
q2 2ti`TQHi2 tc
a iQ BM}MBi2 Q`/2` #v H2bi@b[m`2b }iiBM; Q7 i?2 +`BiB+H TQBMi tc
a(m)-r?2`2
m Bb i?2 Q`/2` Q7 T2`im`#iBQM i?2Q`v- iQ  7mM+iBQM HBM2` BM 1/mX 6BMHHv- r2 2tTM/
B(ta) ≈ α + βta + γt2
a + δt3
a M/ mb2 H2bi@b[m`2b }iiBM; Q7
µSC
+ (ta) − µSC
− (ta)=B(ta)(tc
a − ta)zν U9XkeV
iQ Q#iBM α- β- γ- δ M/ tc
aX
AM 6B;X 9XR r2 +QKT`2 Qm` `2bmHib 7Q` i?2 n =1JQii HQ#2 BM irQ /BK2MbBQMb iQ
MmK2`B+HHv 2t+i [mMimK JQMi2 *`HQ bBKmHiBQMb9kX S`K2i2`b `2 Uab = Ub = 10-
ta = tb =1 - rBi? Ua p`vBM;- 7Q` nb =0 ,0.1,0.5,0.75X h?2 ;`22K2Mi Bb p2`v ;QQ/-
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6B;m`2 9XR, MHviB+ UbQHB/ HBM2bV M/ [mMimK JQMi2 *`HQ Ub?T2bV 7`QK _27X (9k) JQii
BMbmHiQ`@bmT2`~mB/ T?b2 /B;`Kb 7Q` ta = tb =1 - Ub = Uab = 10X nb4yXy U#H+F- /BKQM/Vc yXR
U`2/- +B`+H2Vc yX8 U#Hm2- b[m`2Vc yXd8 U;`22M- i`BM;H2VX
Hi?Qm;? 7Q` 7Q` tb/Ub = 10 i?2 HB;?i #QbQMb `2 MQi bm{+B2MiHv /22T BM i?2 bmT2`~mB/
T?b2 7Q`  T2`72+i +QKT`BbQMX h?2 KQbi MQiB+2#H2 /Bz2`2M+2 Bb i?2 ;`2i2` BMbi#BHBiv
iQ ?QH2 7Q`KiBQM 7Q` nb =0 .1X q2 ii`B#mi2 i?Bb iQ i?2 7Q`KiBQM Q7 HQ+HBx2/ #QmM/
bii2b Q7 ǵ"Ƕ T`iB+H2b rBi? ǵǶ ?QH2b- r?B+? +MMQi #2 /2b+`B#2/ BM i2`Kb Q7 T?QMQMbX
h?Bb /Q2b MQi Q++m` QM i?2 mTT2` bB/2 Q7 i?2 JQii HQ#2 /m2 iQ i?2 ;`2i2` FBM2iB+ 2M2`;v
Q7 T`iB+H2b- r?B+? ?p2  ?QTTBM; KTHBim/2 ∝
√
n +1b QTTQb2/ iQ
√
n 7Q` ?QH2bX
9Xj ai`QM; *QmTHBM; p2`bmb :mixrBHH2` TT`Q+?
h?2 7Q`KHBbK T`2b2Mi2/ #Qp2 `2[mB`2/  `i?2` #`Q[m2 i?B`/@Q`/2` T2`im`#iBp2 2t@
T`2bbBQM 7Q` i?2 ;`QmM/ bii2 2M2`;v Q7 1[X U9XR9VX 6Q` bBimiBQMb r?2`2 bm+? M 2tT`2b@
bBQM Kv #2 2t+2bbBp2Hv +QKTHB+i2/ Q` i2/BQmb iQ /2`Bp2 r2 rQmH/ HBF2 iQ +QK#BM2 i?2
p`BiBQMH TQH`QM K2i?Q/ rBi?  bBKTH2` rv Q7 /2HBM; rBi? i?2 2z2+iBp2 >KBHiQ@
MBM Q7 ǵǶX Ai Bb HbQ mb27mH 2t2`+Bb2 iQ ;Bp2 M 2tTHB+Bi 2tKTH2 i?i HQ;B+HHv /2+QmTH2b
d9bQHpBM; Heﬀ 7`QK T2`7Q`KBM; i?2 p`BiBQMH TQH`QM i`Mb7Q`KiBQMX h?2 bBKTH2bi T@
T`Q+? iQ i?2 JQii@bmT2`~mB/ i`MbBiBQM BM  "Qb2@>m##`/ KQ/2H- QM2 r?B+? #2+QK2b
BM+`2bBM;Hv ++m`i2 7Q` ?B;? /BK2MbBQMb- Bb i?2 :mixrBHH2` Mbix- r?2`2 r2 iF2 i?2
mM+Q``2Hi2/ bii2 Q7 ǵǶ BM 1[X U9XRkV iQ #2 |Ψa⟩ = ⊗i|ψi⟩- r?2`2 i?2 :mixrBHH2` bii2
QM bBi2 i Bb
|ψi⟩ =s i nθcosφ|n − 1⟩i + cosθ|n⟩i +s i nθsinφ|n +1 ⟩i. U9XkdV
1[mBpH2MiHv- r2 mb2 i?2 Mbix 1[X U9XkdV iQ 2biBKi2 i?2 ;`QmM/ bii2 2M2`;v Q7 i?2 27@
72+iBp2 >KBHiQMBM 1[X U9XR9VX AM #Qi? i?Bb TT`Q+? M/ i?2 bi`QM;@+QmTHBM; i`2iK2Mi
#Qp2 HH BMi2`@bT2+B2b +Q``2HiBQMb `2 ;2M2`i2/ #v i?2 i`Mb7Q`KiBQM eSX >Qr2p2`-
BM i?2 T`2b2Mi :mixrBHH2` TT`Q+? i?Bb QT2`iQ` +ib QM bii2b rBi? MQ BMi`@bT2+B2b
+Q``2HiBQMb Q7 ǵǶ- r?BH2 BM i?2 bi`QM;@+QmTHBM; TT`Q+? r2 ?/ +Q``2HiBQMb BM i?2
7Q`K Q7 pB`imH T`iB+H2@?QH2 2t+BiiBQMb BM i?2 JQii bii2 2p2M T`BQ` iQ i?2 p`BiBQMH
TQH`QM i`Mb7Q`KiBQMX h?2 2tT2+iiBQM Q7 i?2 BM/m+2/ BMi2`+iBQMb i2`K BM 1[X U9XR9V
Bb
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Vij ⟨ninj⟩ =
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ij
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−⟨ n⟩
2), U9Xk3V
r?2`2 r2 ?p2 mb2/ i?2 7+i i?i
 
ij Vij = N
 
R VR =0 X h?i i?Bb `2bmHi /2T2M/b
QMHv QM i?2 bK2@bBi2 BM/m+2/ BMi2`+iBQM V0 KF2b b2Mb2 #2+mb2 i?2 :mixrBHH2` bii2
d8QMHv ?b bK2@bBi2 /2MbBiv +Q``2HiBQMbX h?2 2tT2+iiBQM Q7 Ha(ta → ˜ ta) Bb
 
Ha(˜ ta)
 
= −z˜ ta ⟨b⟩
2 − µa ⟨n⟩ +
Ua
2
  
n2 
−⟨ n⟩
 
. U9XkNV
h?2 :mixrBHH2` p2`;2b BM 1[bX U9Xk3 @ 9XkNV `2
⟨b⟩ =sinθcosθ
 √
ncosφ +
√
n +1s i nφ
 
U9XjyV
⟨n⟩ =n − sin2 θcos2 2φ U9XjRV
 
n2 
=n2 +s i n 2 θ(1 − 2ncos2φ). U9XjkV
JBMBKBxBM; i?2 2M2`;v rBi? `2bT2+i iQ {fk} ;BM ;Bp2b  b2H7@+QMbBbi2Mi b2i Q7 2[miBQMb
i?i +M #2 bQHp2/ Bi2`iBp2Hv,
fk(θ,φ)=
 
1+
2˜ ta
ωk
⟨b⟩
2
⟨n2⟩−⟨ n⟩
2
 
a
sin2(k · a/2)
 −1
. U9XjjV
_2BMb2`iBM; i?2 `2bmHi Q7 Bi2`iBM; 1[X U9XjjV BMiQ 1[bX U9Xk3 @ 9XkNV rBi? i?2 `2MQ`KH@
BxiBQMb 1[bX U9XNV M/ U9XRjV ;Bp2b M 2M2`;v 7mM+iBQMH E(θ,φ)- r?B+? r2 KBMBKBx2
MmK2`B+HHvX h?2 bvbi2K Bb BM i?2 JQii T?b2 r?2M θ =0KBMBKBx2b i?2 2M2`;vc Qi?@
2`rBb2 Bi Bb BM  bmT2`~mB/ T?b2X AM 6B;X 9Xk r2 +QKT`2 `2bmHib Q7 bi`QM; +QmTHBM;
T2`im`#iBQM i?2Q`v iQ i?Qb2 Q7 i?2 :mixrBHH2` TT`QtBKiBQM- 7Q`  i?`22@/BK2MbBQMH
"Qb2@"Qb2 KBtim`2X AM i?2 +b2 Q7 bi`QM; +QmTHBM; T2`im`#iBQM i?2Q`v r2 2KTHQv i?2
bK2 +`BiB+H 2ti`TQHiBQM b+?2K2 b #Qp2X h?2 :mixrBHH2` TT`QtBKiBQM- HBF2 Mv
K2M@}2H/ i?2Q`v- Qp2`2biBKi2b i?2 2ti2Mi Q7 i?2 Q`/2`2/ bmT2`~mB/ T?b2X AM i?`22
/BK2MbBQMb Bi T`2/B+ib JQii HQ#2b i?i `2 #Qmi ky% iQQ bKHHX 6Q` i?2 bBM;H2@bT2+B2b
+b2 Bi T`2/B+ib (t/U)c =0 .0286 BM i?`22 /BK2MbBQMb- +QKT`2/ iQ i?2 [mMimK JQMi2
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6B;m`2 9Xk, *H+mHi2/ T?b2 /B;`Kb BM i?`22 /BK2MbBQMb mbBM; bi`QM; +QmTHBM; T2`im`#iBQM
i?2Q`v UbQHB/V M/ :mixrBHH2` TT`QtBKiBQM U/b?2/V 7Q` T`K2i2`b ta = tb =1 - Ub = Uab = 10X
nb4yXy U#H+FVc yXR U`2/Vc yX8 U#Hm2Vc yXd8 U;`22MVX
*`HQ `2bmHi (t/U)c =0 .03408RNX q2 i?2`27Q`2 b+H2 i?2 :mixrBHH2` `2bmHib pB ta → λta-
r?2`2 2KTB`B+HHv λ =1 .24- iQ Q#iBM ;`22K2Mi rBi? i?2 +`BiB+HHv@2ti`TQHi2/ bi`QM;
+QmTHBM; T?b2 /B;`KX AKTQ`iMiHv- r2 mb2 i?2 bK2 λ iQ `2b+H2 HH 7Qm` +m`p2b BM
6B;X 9XkX >pBM; b+H2/ i?2 :mixrBHH2` Mbix `2bmHi BM i?Bb KMM2` i?2 JQii HQ#2b
T`2/B+i2/ #v i?2 irQ K2i?Q/b TT2` pB`imHHv B/2MiB+HX AM T`iB+mH`- i?2 b?B7i Q7 i?2
+`BiB+H pHm2 Q7 ta/Ua b i?2 /2MbBiv nb Q7 i?2 bmT2`~mB/ BM+`2b2 Bb i?2 bK2X h?mb r2
+QM+Hm/2 i?i i?2 :mixrBHH2` TT`QtBKiBQM }ib BMiQ i?2 p`BiBQMH TQH`QM b+?2K2 b
r2HH b bi`QM; +QmTHBM; T2`im`#iBQM i?2Q`vX h?2 QMHv HBKBiiBQM- i?i Q7 mM/2`2biBKi@
BM; i?2 +`BiB+H ta/Ua Bb BM?2`2Mi iQ i?2 :mixrBHH2` TT`QtBKiBQM Bib2H7 M/ Bb MQi `2Hi2/
iQ i?2 BMi2`THv Q7 i?2 :mixrBHH2` Mbix rBi? i?2 p`BiBQMH TQH`QM i`Mb7Q`KiBQMX
h?i Bb- i?2 p`BiBQMH TQH`QM i`Mb7Q`KiBQM ;Bp2b [mMiBiiBp2 BM7Q`KiBQM #Qmi i?2
2z2+i Q7 KBtBM; 2p2M r?2M i?2 bii2 |ΨA⟩ mM/2`HvBM; i?2 Mbix Ψ=eS|ΨA⟩⊗| 0b⟩ Bb
QMHv [mHBiiBp2Hv ++m`i2X
dd6B;m`2 9Xj, hQT, /Qm#H2@r2HH bmT2`HiiB+2 TQi2MiBH b22M #v ?2pv bT2+B2b ǵǶX "QiiQK, TQi2MiBH
b22M #v HB;?i bT2+B2b ǵ"ǶX
9X9 >H7@6BHH2/ amT2`HiiB+2
q2 MQr +QMbB/2`  R@. KBtim`2 BM r?B+? ?`/@+Q`2 bT2+B2b Ƕ"Ƕ ?b }HHBM; 0 ≤ nb ≤ 1 M/
bT2+B2b ǶǶ Bb i ?H7@}HHBM;X ǵǶ #QbQMb b22  bmT2`HiiB+2 Q7 /Qm#H2 r2HHb Ub22 6B;X 9XjV
M/ +M QMHv ?QT rBi?BM /Qm#H2 r2HHbX h?2 >KBHiQMBM H = Ha + Hb + Hab Bb
H = − ta
 
m
 
a
†
2m+1a2m +h .c.
 
− tb
 
n
 
b†
nbn+1 +h .c.
 
− µb
 
n
b†
nbn + Uab
 
n
a†
nanb†
nbn U9Xj9V
q?2M BMi2`+iBQMb `2 MQi bQ bi`QM; b iQ /2bi#BHBx2 i?2 bmT2`~mB/Biv Q7 ǵ"Ƕ i?2`2 `2
i?`22 T?b2b Q7 ǵǶ Ub22 6B; 9X9V,  ǳ72``QK;M2iB+Ǵ U6JV T?b2 rBi? T2`BQ/@k *.q-
M ǳMiB72``QK;M2iB+Ǵ U6V T?b2 rBi? T2`BQ/@9 *.q- M/  ǳT`K;M2iB+Ǵ USJV
T?b2 rBi? MQ i`MbHiBQMH bvKK2i`v #`2FBM;X
G2i |L(R)⟩ #2 Q`#BiHb +2Mi2`2/ QM i?2 H27i U`B;?iV bBi2 Q7  /Qm#H2 r2HH M/ /2}M2
ψL(R) = cosθA|L(R)⟩ +s i nθA|R(L)⟩ b /Qm#H2 r2HH bii2b rBi? /2MbBiv bF2r2/ iQ i?2
d36B;m`2 9X9, hQT, MiB72``QK;M2iB+ T?b2 Q7 ?2pv bT2+B2b ǵǶX "QiiQK, 72``QK;M2iB+ T?b2 Q7
?2pv bT2+B2b ǵǶX
H27i U`B;?iVX h?2 6J M/ 6 bii2b Q7 ǵǶ `2 ψL ⊗ ψL ⊗ ψL ...M/ ψL ⊗ ψR ⊗ ψL ...-
`2bT2+iBp2HvX q2 r`Bi2 i?2 Ƕ"Ƕ 6J M/ 6 K2M }2H/ bii2b ψ1 ⊗ ψ2 ⊗ ψ1 ⊗ ψ2 ...M/
ψ1 ⊗ ψ2 ⊗ ψ2 ⊗ ψ1 ... BM i2`Kb Q7 bBM;H2@bBi2 :mixrBHH2` bii2b ψ1(2) = cosφ1(2)|0⟩ +
sinφ1(2)|1⟩X S`K2i`BxBM; sin2 φ1 =2 nb cos2 θB- sin2 φ2 =2 nb sin2 θB ;Bp2b i?2 +Q``2+i
/2MbBiv nbX
h?2 K2M@}2H/ FBM2iB+ 2M2`;v Q7 ǵǶ T2` bBi2 Bb
⟨Ha⟩/N = −ta sinθA cosθA U9Xj8V
7Q` #Qi? T?b2b- r?BH2 i?2 FBM2iB+ 2M2`;B2b 7`QK Ƕ"Ƕ `2
EB
FM = − 2tb cosφ1 sinφ1 cosφ2 sinφ2 U9XjeV
EB
AF = −
1
2
tb (cosφ1 sinφ1 + cosφ2 sinφ2)
2 U9XjdV
dNM/ i?2 BMi2`+iBQM 2M2`;v Bb- 7Q` #Qi? T?b2b-
EAB =
1
4
Uab
 
cos2 θA − sin2 θA
  
sin2 φ1 − sin2 φ2
 
. U9Xj3V
h?2 /Bz2`2M+2 EFM−EAF Bb −tb
 √
x1x2 − 1
2(x1 + x2)
 
7Q` xi = cos2 φi sin2 φiX Ai 7QHHQrb
7`QK i?2 J@:J BM2[mHBiv i?i i?2 EAF ≤ EFM- rBi? 2[mHBiv r?2M nb =1 /2X >Qr@
2p2`- M2` nb =1 /2- [mMimK ~m+imiBQMb 7pQ` i?2 6J T?b2- r?B+? ;Bp2b ǵ"Ƕ #QbQMb
KQ`2 bT+2 bBM+2 /2MbBiv KtBK `2 MQi QM /D+2Mi bBi2bX hQ MHvx2 i?Bb +QKT2iBiBQM-
r2 BM+Hm/2 ~m+imiBQMb Q7 ǵ"Ƕ #Qmi i?2 K2M }2H/ M/ T2`7Q`K  p`BiBQMH TQH`QM
i`Mb7Q`KiBQMX
hQ BM+Hm/2 ~m+imiBQMb Q7 ǵ"Ƕ /2}M2 QT2`iQ`b t
†
0(1),n|vac⟩n = |0(1)⟩n bQ i?i bn =
t
†
0nt1n M/ i?2 ǵ"Ƕ >KBHiQMBM- BM+Hm/BM; i?2 K2M@}2H/ TQi2MiBH 7`QK ǵǶ
Hb = − tb
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n
σnt
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1nt1n, U9XjNV
r?2`2 σn =1 ,−1,1,−1... U6JV Q` 1,−1,−1,1... U6VX q2 /2}M2 QT2`iQ`b ci =
cosφit0i +s i nφit1i M/ di =s i n φit0i − cosφit1j +Q``2bTQM/BM; iQ i?2 K2M }2H/ M/
2t+BiiBQMbX hQ [m/`iB+ Q`/2` r2 iF2 ci,c
†
i → 1 M/ c
†
ici → 1 − d
†
idi M/ Q#iBM i?2
F@bT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KBHiQMBM
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⎝
Ak 0
0 A−k
⎞
⎟
⎠
⎛
⎜
⎝
χk
χ−k
⎞
⎟
⎠
+
⎡
⎢
⎣
 
χ
† 
k ,χ
† 
−k
 
⎛
⎜
⎝
0 Bk
B
 
k 0
⎞
⎟
⎠
⎛
⎜
⎝
χ
†
k
χ
†
−k
⎞
⎟
⎠ +h c .
⎤
⎥
⎦
⎤
⎥
⎦, U9X9yV
3yr?2`2 χ
 
k =( dk,d k+π) M/ Ak- Bk `2 2 × 2 Ki`B+2b BM i?2 6J T?b2 M/ χ
 
k =
(dk,d k+π/2,d k+π,d k−π/2) M/ Ak- Bk `2 4 × 4 Ki`B+2b BM i?2 6 T?b2X h?2 k@bT+2
bmKb `2 Qp2` `2/m+2/ "`BHHQmBM xQM2b [0,π) M/ [0,π/2)X q2 T2`7Q`K i?2 QT2`iQ`
H;2#` iQ }M/ i2`Kb Q7 i?2 Ki`B+2b Ak M/ Bk mbBM; i?2 ǳaL1:Ǵ Ji?2KiB+ T+F@
;2RRjX
h?2 "Q;QHBm#Qp i`Mb7Q`KiBQM ξk = U
†
kχk−V
 
kχ
†
−k- χk = Ukξk−V∗
kξ
†
−k /B;QMHBx2b
i?2 >KBHiQMBM b
Hb =
 
k
′  
ξ
† 
k Ωkξk − TrV
†
kΩkVk
 
, U9X9RV
r?2`2 Ωk Bb  /B;QMH Ki`Bt- M/ i?2 τ@i? +QHmKMb Q7 Uk- Vk M/ i?2 τ@i? /B;QMH
2H2K2Mi Q7 Ωk +Q``2bTQM/BM; iQ i?2 τ@i? TQbBiBp2 2B;2MpHm2Re ω(k,τ) Q7 i?2 2[miBQM
⎛
⎜
⎝
Ak Bk
−B
†
k −A∗
−k
⎞
⎟
⎠
⎛
⎜
⎝
Uk
Vk
⎞
⎟
⎠
τ
= ω(k,τ)
⎛
⎜
⎝
Uk
Vk
⎞
⎟
⎠
τ
. U9X9kV
h?2 TQH`QM i`Mb7Q`KiBQM `2[mB`2b i?i r2 r`Bi2 Hab BM i2`Kb Q7 "Q;QHBm#Qp KQ/2bX
h?2 /2MbBiv ~m+imiBQMb δρB
n ≡ t
†
1,nt1,n −
 
t
†
1,nt1,n
 
+M #2 r`Bii2M b
δρB
n =
1
√
N
 
k,τ
′
e−ikn
 
βn
kτξk,τ + βn∗
kτξ
†
k,τ
 
, U9X9jV
βn
kτ =
−sin2φn
2
(c∗
nm (Uk)mτ + cnm (Vk)mτ). U9X99V
>2`2 m,n,τ =1 ,2,Q= π U6JV M/ m,τ,n =1 ...4,Q= π/2 U6V- r?2`2 τ Bb i?2
T?QMQM #`M+? BM/2t M/ n Bb  bm#HiiB+2 BM/2t- M/ cnm = eimQnX
h?2 TQH`QM i`Mb7Q`KiBQM ˜ H = e−SHeS 7Q` KmHiBTH2 T?QMQM KQ/2b M/ BM2[mBp@
3RH2Mi bBi2b Bb
S =
1
√
N
 
k,τ,n
′βn
kτfn
kτ
ωkτ
eiknnA
n(ξ
†
k,τ − ξ−k,τ). U9X98V
h?2 bmK BM 1[X U9X98V Bb Qp2` HH bBi2b n- #mi fnkτ- HBF2 βnkτ- /2T2M/b QMHv QM i?2
bm#HiiB+2 nX b #27Q`2 fnkτ =1+QKTH2i2Hv `2KQp2b i?2 BMi2`+iBQMX h?2 T`iBH
TQH`QM i`Mb7Q`KiBQM H2p2b i?2 i2`Kb Q7 HB UT?QMQM M/ x2`Q@TQBMi 2M2`;B2bV BM
1[X U9X9RV mM+?M;2/- /`2bb2b i?2 ?QTTBM; Q7 ǵǶ #QbQMb- M/ ;2M2`i2b M BMi2`+iBQM
ˆ V =
 
rsVrsnA
r nA
s - r?2`2
Vrs =
U2
ab
N
 
k,τ
′
e−ik(r−s)Re[βr
kτβs∗
kτ][fr
kτfs
kτ−fr
kτ−fs
kτ]
ωkτ
U9X9eV
p2`;BM; i?2 /`2bb2/ ?QTTBM; Qp2` M Mbix |Ψ⟩ = eS|ΨA⟩⊗| 0B⟩- r?2`2 |ΨA⟩ Bb M
6J Q` 6 K2M@}2H/ rp27mM+iBQM M/ |0B⟩ Bb i?2 ǵ"Ƕ T?QMQM p+mmK- ;Bp2b
˜ ta = ta exp
⎡
⎢
⎣−
U2
ab
2N
 
k,τ
′
 
   β1
kτf1
k,τ + eikβ2
kτf2
k,τ
 
   
2
ω2
kτ
⎤
⎥
⎦ U9X9dV
h?2 iQiH p`BiBQMH 2M2`;v Bb i?2 bmK Q7 BM/m+2/ BMi2`+iBQMb 1[X U9X9eV- x2`Q@TQBMi
2M2`;v−TrV
†
kΩkVk- M/ K2M@}2H/ 2M2`;v 1[bX U9Xj8@9Xj3V- rBi? ˜ ta `2TH+BM; taX h?2
p`BiBQMH 2M2`;v Q7 BM/m+2/ BMi2`+iBQMb Bb
 
ˆ V
 FM
=2
 
ˆ V
 AF
=
sin2(2θA)
4
(V11 + V22 − 2V12). U9X93V
1[X 9X93 +M #2 mM/2`biQQ/ b 7QHHQrb, M iQK BM bm#HiiB+2 R 2tT2`B2M+2b M p2`;2
TQi2MiBH rBi? rp2p2+iQ` Q = π 7`QK HH Qi?2` bm#HiiB+2 R bBi2bX aBM+2 Q = π Bb
2t+Hm/2/ 7`QK i?2 bmK
 ′
k- i?2 2tT2+iiBQM Q7 i?Bb BMi2`+iBQM b?QmH/ pMBb?X >Qr@
3k6B;m`2 9X8, amT2`HiiB+2 T?b2 /B;`K 7Q` Uab =1 .0 b  bmM+iBQM Q7 ǵ"Ƕ }HHBM; nb M/ ǵǶ ?QT@
TBM; ta BM mMBib tb =1 X :`22M, 6J Q`/2` T`K2i2`c _2/, 6 Q`/2` T`K2i2`c "Hm2, SJ T?b2X
2p2`- i?2`2 Bb b2H7@BMi2`+iBQM +Q``2+iBQM #2+mb2 ⟨nini⟩ = ⟨ni⟩ = cos2 θA- BM +QMi`bi iQ
⟨ninj⟩ = ⟨ni⟩⟨nj⟩ = cos4 θA r?2M bBi2b i M/ j #2HQM; iQ /Bz2`2Mi /Qm#H2 r2HHbX >2M+2
i?2 bmK pMBb?2b 2t+2Ti 7Q`  +Q``2+iBQM V11
 
cos2 θA − cos4 θA
 
= V11 sin2(2θA)/4X h?2
V22 M/ V12 +QMi`B#miBQMb `2 bBKBH`X
AM QM2 /BK2MbBQM Bi Bb MQi iQQ +QKTmiiBQMHHv 2tT2MbBp2 iQ KBMBKBx2 i?2 2M2`;v rBi?
`2bT2+i iQ θA- θB- M/ {fn
kτ}X JBMBKBxBM; 7Q` #Qi? 6 M/ 6J T?b2b M/ +QKT`BM;
i?2B` KBMBK ;Bp2b i?2 T?b2 /B;`KX AM 6B;bX 9X8 M/ 9Xe r2 THQi i?2 Q`/2` T`K2i2`
cos2 θa − sin2 θA b  7mM+iBQM Q7 nb M/ ta/tb 7Q` /Bz2`2Mi +QmTHBM;b Uab/tbX h?2`2 `2
b2+QM/@Q`/2` 6J@SJ M/ 6@SJ i`MbBiBQMb M/  }`bi@Q`/2` 6J@6 i`MbBiBQMX h?2
6J `2;BQM Bb +2Mi2`2/ `QmM/ nb =1 /2X
3j6B;m`2 9Xe, amT2`HiiB+2 T?b2 /B;`K 7Q` Uab =0 .5 b  bmM+iBQM Q7 ǵ"Ƕ }HHBM; nb M/ ǵǶ ?QT@
TBM; ta BM mMBib tb =1 X :`22M, 6J Q`/2` T`K2i2`c _2/, 6 Q`/2` T`K2i2`c "Hm2, SJ T?b2X
399X8 amKK`v M/ *QM+HmbBQM
q2 b?Qr2/ i?i i?2 TQH`QM i`Mb7Q`KiBQM- r?B+? ?b i`/BiBQMHHv #22M mb2/ iQ bim/v
 bBM;H2 BKTm`Biv BM  T?QMQM #i?- +M #2 2ti2M/2/ iQ ?M/H2  KMv@#Q/v bvbi2K
BMi2`+iBM; rBi?  #i?- M/ i?i Bib p`BiBQMH 2ti2MbBQM Bb  TQr2`7mH K2i?Q/ ;BpBM;
[mMiBiiBp2Hv ++m`i2 `2bmHibX lbBM; "Qb2@"Qb2 KBtim`2b b  i2bi +b2 r2 b?Qr2/
i?i Bi Bb TQbbB#H2 iQ 2{+B2MiHv /2i2`KBM2 i?2 b2H7@+QMbBbi2Mi p`BiBQMH TQH`QM i`Mb@
7Q`KiBQM i?i KBMBKBx2b 2M2`;vX AM irQ /BK2MbBQMb Qm` +H+mHiBQMb mbBM; bi`QM; +Qm@
THBM; T2`im`#iBQM i?2Q`v iQ }M/ i?2 ;`QmM/ bii2 2M2`;v Q7 i?2 p`BiBQMH TQH`QM@
i`Mb7Q`K2/ 2z2+iBp2 >KBHiQMBM Q7 i?2 ?2pv #QbQM bT2+B2b +QKT`2/ p2`v r2HH rBi?
MmK2`B+HHv 2t+i [mMimK JQMi2 *`HQ +H+mHiBQMbX >pBM; DmbiB}2/ i?2 p`BiBQMH
TQH`QM K2i?Q/ BM i?Bb rv- r2 T`Q+22/2/ iQ +QmTH2 i?2 p`BiBQMH TQH`QM i`Mb@
7Q`KiBQM iQ  :mixrBHH2` Mbix 7Q` i?2 2z2+iBp2 >KBHiQMBM- b?QrBM; i?i BM i?`22
/BK2MbBQMb Bi vB2H/2/ p2`v bBKBH` `2bmHib iQ i?2 bi`QM; +QmTHBM; TT`Q+?X h?mb r2
2bi#HBb?2/ i?2 :mixrBHH2` TT`QtBKiBQM b  `2HB#H2 iQQH iQ mb2 rBi? i?2 p`BiBQMH
TQH`QM i`Mb7Q`KiBQM BM +b2b r?2`2 T2`im`#iBQM i?2Q`v Bb iQQ +mK#2`bQK2X h?Bb
KF2b i?2 p`BiBQMH TQH`QM K2i?Q/  pB#H2 iQQH 7Q` bim/vBM; KQ`2 +QKTHB+i2/ bvb@
i2Kb- bm+? b i?Qb2 rBi?rBi? #`QF2M bvKK2i`B2bX
385
_6 #bQ`TiBQM Q7  JQ#BH2 AKTm`Biv
8XR AMi`Q/m+iBQM
_/BiBp2 i`MbBiBQMb BM r?B+? i?2 }MH bii2 BMi2`+ib rBi? M Qi?2`rBb2@MQMBMi2`+iBM;
62`KB ;b `2 QM2 Q7 i?2 72r bQHp#H2 KMv@#Q/v MQM@2[mBHB#`BmK T`Q#H2KbX h?2v
?p2 T`+iB+H BKTQ`iM+2 BM i?i t@`v #bQ`TiBQM 2tT2`BK2Mib BM +QM/2Mb2/ Kii2`
bvbi2Kb BMpQHp2  TQbBiBp2Hv@+?`;2/ ?QH2 H27i #2?BM/ r?2M  +Q`2 2H2+i`QM DmKTb iQ
3e ?B;?2` #M/eyX JQ/2`M `2bQMMi t@`v b+ii2`BM; i2+?MB[m2b +QMiBM  +Q`2 ?QH2 BM
i?2B` BMi2`K2/Bi2 bii2 M/ HbQ `2[mB`2  i`2iK2Mi Q7 i?2 +Q`2 ?QH2 BM i?2 MHvbBb
Q7 HBM2b?T2bX 6m`i?2`KQ`2- i?2 bQ@+HH2/ ǳQ`i?Q;QMHBiv +ibi`QT?2ǴRy-dN Bb `2HiBp2Hv
2bv iQ BKTH2K2Mi BM mHi`+QH/ iQKB+ ;b2b b M _6 ?vT2`}M2 i`MbBiBQM Q7 M BKTm`Biv
7Q` r?B+? QMHv QM2 BMi2`MH bii2 BMi2`+ib rBi?  62`KB ;b8NX
q?i i?2b2 T`Q#H2Kb ?p2 BM +QKKQM i?i KF2b i?2K i`+i#H2 Bb i?i i?2 +Q`2
?QH2 Q` BKTm`Biv `2 2bb2MiBHHv BKKQ#BH2 M/ 2z2+iBp2Hv vB2H/  biiB+ TQi2MiBH 7Q` i?2
62`KB ;b i?i Bb brBi+?2/ QM i iBK2 t =0 X AM i?2 +b2 Q7  7`22 ;b rBi? bT?2`B+H
bvKK2i`v i?Bb 72im`2 H2/b iQ  bQHmiBQM BM i2`Kb Q7 i?2 T?b2 b?B7ib Q7 /Bz2`2Mi M;mH`
KQK2MimK +QKTQM2MibX 6Q` `#Bi``v /BbT2`bBQM- bm+? M BM HiiB+2 bvbi2Kb-  MmK2`B@
+HHv 2t+i bQHmiBQM iQ 2bb2MiBHHv `#Bi``v ++m`+v Bb biBHH pBH#H2 pB  /2i2`KBMMiH
7Q`KmHkj-8NX 1bb2MiBHHv- i?Bb B/2 rQ`Fb #2+mb2 i?2 T`Q#H2K Bb QMHv  KMv@#Q/v QM2
#v pB`im2 Q7 i?2 MiBbvKK2i`BxiBQM `2[mB`2K2Mi- r?B+? Bb 2M+Q/2/ b  /2i2`KBMMi Q7
 bBM;H2@T`iB+H2 Ki`BtX
q2 `2 BMi2`2bi2/ BM 2ti2M/BM; i?2 T?vbB+b Q7 i?2 Q`i?Q;QMHBiv +ibi`QT?2 iQ i?i
Q7  KQ#BH2 +Q`2 ?QH2 Q` BKTm`BivX h?Bb Bb BM?2`2MiHv BMi2`2biBM; b  KQ`2@+QKTHB+i2/
MQM@2[mBHB#`BmK T`Q#H2K i?i +M #2 K2bm`2/ rBi? +QH/ iQKbX Ai rQmH/ HbQ #2 mb27mH
BM /2b+`B#BM; +2`iBM `2bQMMi t@`v T`Q#2b- bm+? b BM/B`2+i _Asa- i?i +QMiBM KQ#BH2
2H2+i`QMb #Qp2 i?2 pH2M+2 #M/ BM i?2B` BMi2`K2/Bi2 bii2X
hQ i+FH2 i?2 T`Q#H2K Q7  KQ#BH2 BKTm`Biv- r2 }`bi KF2 +QMi+i rBi? T`2pBQmb
rQ`F rBi?  i`Mb7Q`KiBQM iQ  7`K2 r?2`2 i?2 BKTm`Biv Bb  biiB+ TQi2MiBHeRX h?Bb
2z2+iBp2Hv `2KQp2b i?2 BKTm`Biv 7`QK i?2 bvbi2K #mi +QK2b i i?2 +Qbi Q7  bi`M;2
KQK2MimK@/2T2M/2Mi BMi2`+iBQM BM i?2 72`KBQM >KBHiQMBMX q2 /2+QmTH2 i?Bb MQK@
HQmb BMi2`+iBQM i2`K pB  >m##`/@ai`iQMQpB+? i`Mb7Q`KiBQM M/ 2tTM/ i?2 2z2+@
iBp2 +iBQM Q7 i?2 >m##`/@ai`iQMQpB+? }2H/ iQ [m/`iB+ Q`/2`X lbBM; i?2 K2i?Q/ Q7
3d72`KBQM 7mM+iBQMH /2i2`KBMMib r2 Q#iBM i?2 7Q`K Q7 i?Bb 2z2+iBp2 }2H/ i?2Q`v BM  Mm@
K2`B+HHv 2t+i rvX 6BMHHv- r2 BMi2;`i2 i?Bb 2z2+iBp2 [m/`iB+ i?2Q`v 2t+iHvX h?2
K2i?Q/ Q7 7mM+iBQMH /2i2`KBMMib i?i r2 mb2 iQ BMi2;`i2 Qmi i?2 62`KB b2 M/ Q#@
iBM M 2z2+iBp2 i?2Q`v Q7 i?2 >m##`/@ai`iQMQpB+? }2H/ HbQ mM/2`HB2b i?2 i2+?MB[m2 Q7
/2i2`KBMMiH JQMi2 *`HQ33-NyX >Qr2p2`- BM +QMi`bi iQ Qm` TT`Q+?- /2i2`KBMMiH
JQMi2 *`HQ bKTH2b +QM};m`iBQMb Q7 i?2 >m##`/@ai`iQMQpB+? }2H/ biQ+?biB+HHvX
Hi?Qm;? /2i2`KBMMib i`2i 72`KBQM MiBbvKK2i`v 2t+iHv M/ p2`i  72`KBQM bB;M
T`Q#H2K- i?2 BMi2;`H Qp2` i?2 mtBHB`v }2H/ Kv #2 ?B;?Hv Qb+BHHiQ`v- r?B+? HBKBib i?2
TTHB+iBQM Q7 /2i2`KBMMiH JQMi2 *`HQX AM +QMi`bi- r2 MmK2`B+HHv /2i2`KBM2 i?2
2z2+iBp2 +iBQM Q7 i?2 >m##`/@ai`iQMQpB+? }2H/ #mi BMi2;`i2 MHviB+HHv Qp2` HH }2H/
+QM};m`iBQMb BM M vKTiQiB+ 2tTMbBQMX h?Bb K2i?Q/ Bb ;2M2`HBx#H2 iQ Qi?2` MQM@
2[mBHB#`BmK T`Q#H2Kb rBi?  bBM;H2 >m##`/@ai`iQMQpB+? }2H/- bm+? b i?Qb2 BMpQHpBM;
i?2 EQM/Q 2z2+i M/ [mMimK /QibX
8Xk 6Q`KHBbK
*QMbB/2` bTBMH2bb- MQMBMi2`+iBM; HiiB+2 72`KBQMb M/ M BKTm`Biv T`iB+H2 rBi? TQbBiBQM
R M/ KQK2MimK PX amTTQb2 i?2 BKTm`Biv ?b irQ ?vT2`}M2 bii2b- |↓⟩ M/ |↑⟩-
b2T`i2/ #v 2M2`;v ∆ M/ i?i i?2 |↑⟩ bii2 Q7 i?2 BKTm`Biv BMi2`+ib rBi? i?2 62`KB
;b pB  TQi2MiBH ˆ V (R)=
 
r V (r − R)f
†
rfrX h?Bb bvbi2K Bb /2b+`B#2/ #v
ˆ H = ˆ H0 + E(P)+∆ |↑⟩⟨↑| + |↑⟩⟨↑| ⊗ ˆ V (R), U8XRV
r?2`2 ˆ H0 =
 
k εkf
†
kfkX >2`2 r2 rBHH mb2 ε(k)=−2tf cosk M/ E(P)=−2ti coskX
q2 +QMbB/2` i?2 2z2+i Q7 BMi2`+iBQM QM _6 #bQ`TiBQM |↓⟩ → |↑⟩ 7`QK M BMBiBH bii2
|Ω;P,↓⟩- r?2`2 Ω Bb i?2 2[mBHB#`BmK 62`KB b2X h?i Bb- r2 `2 BMi2`2bi2/ BM i?2 Q`i?Q;Q@
33MHBiv +ibi`QT?2 Q7  KQ#BH2 BKTm`BivX 6Q` Qm` MHvbBb Bi Bb +QMp2MB2Mi iQ rQ`F BM  +Q@
KQpBM; 7`K2Ryy-38-eR pB i?2 i`Mb7Q`KiBQM U =e x p( i|↑⟩⟨↑|R · Pf)- Pc ≡
 
k kf
†
kfkX
b R ;2M2`i2b KQK2MimK #QQbib Q7 i?2 BKTm`Biv M/ Pf ;2M2`i2b i`MbHiBQMb Q7 i?2
62`KB b2- Bi Bb 2bv iQ b22 i?i ˆ H → U† ˆ HU = ˆ H′ i`Mb7Q`Kb b
ˆ H′ = ˆ H0 + E(P − |↑⟩⟨↑|Pf)+∆ |↑⟩⟨↑| + |↑⟩⟨↑| ⊗ ˆ V (0). U8XkV
h?Bb /2b+`B#2b  62`KB b2 M/  biiBQM`v BKTm`Biv i R = 0 i i?2 +Qbi Q7  cos(P−
Pf) i2`KX aBM+2 R Bb #b2Mi 7`QK ˆ H′- P Bb  +QMbiMi Q7 KQiBQM M/ i?2 QMHv /vMKB+b
`2 i?Qb2 Q7 i?2 62`KB b2X h?2 i`Mb7Q`KiBQM /Q2b MQi z2+i i?2 BMBiBH bii2 #2+mb2
Pc|Ω⟩ =0 X
h?2 #bQ`TiBQM `i2 7`QK M _6 T2`im`#iBQM ˆ HRF = e−iωt|↑⟩⟨↓| Bb8N-N9
R(ω)= R e
  ∞
0
dt⟨Ω;P,↑|ei ˆ H′t ˆ HRFe−i ˆ H′t|Ω;P,↓⟩ U8XjV
=Re
  ∞
0
dtei(∆−ω−E(P))tS(t), U8X9V
r?2`2
S(t)= ⟨Ω|ei( ˆ H0+ˆ V (0)+E(P−Pc))te−i ˆ H0t|Ω⟩ U8X8V
=⟨Ω|ei(H1+E(P−Pc))te−i ˆ H0t|Ω⟩ U8XeV
r?2`2 H1 = ˆ H0 + ˆ V (0)X
6Q` M = ∞ i?2 T`Q#H2KiB+ E(P−Pc) i2`K /`QTb Qmi M/ r2 +QmH/ +QKTmi2 S(T)
rBi? i?2 7Q`KmHd9-8d-R-83
⟨Ω|e
ˆ XN ...e
ˆ X1|Ω⟩ =d e t
 
(1 − N)+eXN ...e X1N
 
, U8XdV
3Nr?2`2 N =1 /(1+eβH0)- r?B+? TTHB2b 7Q` [m/`iB+ QT2`iQ`b ˆ X1...NX U6Q` i?2 `2KBM@
/2` Q7 i?Bb +?Ti2`- r2 /2MQi2  KMv@#Q/v 6Q+F bT+2 QT2`iQ` #v ˆ X M/ Bib +Q``2@
bTQM/BM; bBM;H2@T`iB+H2 Ki`Bt #v X, ˆ X = c
†
kXk,k′ck′VX AM Q`/2` iQ 2tTHQBi 1[X U8XdV-
r2 Kmbi `2Hi2 i?2 MQM@#BHBM2` i2`K E(P−Pc) iQ M 2tTQM2MiBi2/ [m/`iB+ QT2`iQ`X
A7 i?2 i?2`KH 2M2`;v Bb H2bb i?M i?2 `2+QBH 2M2`;v Q7 i?2 BKTm`Biv QM2 +M B;MQ`2 mKF@
HTT T`Q+2bb2b M/ b72Hv bbmK2 i?i Bib KQK2MimK /Q2b MQi H2p2 i?2 }`bi "`BHHQmBM
xQM2X AM bm+?  +b2 r2 Kv 2tTM/ Bib FBM2iB+ 2M2`;v iQ [m/`iB+ Q`/2`,
E(P)=−2ti cosk ≈ tiP2 =
P2
2M
, U8X3V
r?2`2 M ≡ 1/(2ti)X q2 i?2M ?p2
S(t)=⟨Ω|ei(H1+(P−Pc)2/2M)te−i ˆ H0t|Ω⟩. U8XNV
AM Q`/2` iQ 2tTHQBi 1[X U8XdV- r2 /BpB/2 i?2 iBK2 BMi2`pH T BMiQ N b2;K2Mib Q7 H2M;i?
∆t = T/N M/ /2+QmTH2 i?2 (P−Pc) i2`K pB  >m##`/@ai`iQMQpB+? i`Mb7Q`KiBQM
b 7QHHQrb,
S(T)=
 
D[φ]eS0[φ]⟨Ω|T
 
ei
  t
0 H1−φ(t′)·Pc dt′ 
e−iH0t|Ω⟩, U8XRyV
r?2`2 S0[φ] ≡ i
  t
0
 
−M
2 φ2(t′)+φ(t′) · P
 
dt′- T Bb i?2 iBK2@Q`/2`BM; QT2`iQ`- M/ i?2
7mM+iBQMH BMi2;`H Bb MQ`KHBx2/ b
 
D[φ] ≡
 
m
  ∞
−∞
 
iM∆t
2π
 d/2
ddφm, U8XRRV
r?2`2 φm = φ(t′
m) Bb /Bb+`2iBx2/ QM t′
m = m∆tX
Nyh?2 2tTQM2MiBi2/ QT2`iQ`b BM 1[X U8XRyV `2 [m/`iB+ M/ r2 Kv mb2 1[X U8XdV-
HQM; rBi? lndetM =t r l n M- iQ Q#iBM S(t)=
 
D[φ]eS0[φ]+S1[φ]- r?2`2 S1[φ]=
lndetB[φ]=t rl nB[φ] 7Q`
B[φ]=( 1− N)+T
 
ei
  t
0 H1−φ(t′)·Pc dt′ 
e−iH0tN U8XRkV
6Q`  ?2pv BKTm`Biv- Qb+BHHiBQMb BM S0[φ] +mb2 +M+2HHiBQM 2t+2Ti i φ ≡ 0- bQ i?i BM
2z2+i QMHv S1[0] +QMi`B#mi2bX h?2`27Q`2 r2 Kv Q#iBM M bvKTiQiB+ +Q``2+iBQM iQ i?2
M →∞HBKBi #v 2tTM/BM; S1[φ] iQ b2+QM/ Q`/2` #Qmi φ =0 - r?B+? Bb bi`B;?i7Q`r`/
#mi +mK#2`bQK2X h?2 x2`Qi? Q`/2` i2`K Bb
S1[0] = lndet
 
(1 − N)+eiH(0)te−iH0tN
 
, U8XRjV
r?B+? ;Bp2b i?2 #bQ`TiBQM Q7 M BKKQ#BH2 BKTm`Biv8NX "v bvKK2i`v- i?2 }`bi Q`/2`
i2`K pMBb?2bX q2 2tTM/ S1[φ] iQ b2+QM/ Q`/2` b 7QHHQrb,
B[φ]= ( 1− N)+
 
eiH1t + i
  t
0
φα(t1) · eiH1(t−t1)Pα
c eiH1t1 dt1
−
 
t1<t2
φα(t1)φβ(t2)eiH1(t−t2)Pα
c eiH1(t2−t1)Pβ
ceiH1t1 dt1 dt2
 
e−iH0tN U8XR9V
=B[0] + eiH1t
 
i
  t
0
φα(t1)Γα(t1)dt1
−
 
t1<t2
φα(t1)φβ(t2)Γβ(t2)Γα(t1)dt1 dt2
 
e−iH0tN, U8XR8V
NRr?2`2 r2 /2}M2 Γ(τ) ≡ e−iH1τPceiH1τX h?2M iQ b2+QM/ Q`/2` BM φ
S1[φ] − S1[0] =lndet
 
1+
 
i
  t
0
φα(t1)Γα(t1)dt1
−
 
t1<t2
φα(t1)φβ(t2)Γβ(t2)Γα(t1)dt1 dt2
 
D
 
, U8XReV
r?2`2 D = e−iH0tNB[0]−1eiH1tX >2`2 r2 ?p2 2tTHQBi2/ i?2 7+i i?i det(1 + AB)=
det(A−1(1 + AB)A)=d e t ( 1+BA) iQ #`BM; i?2 7+iQ` eiH1t iQ i?2 `B;?iX q`BiBM;
lndetM =t rl nM M/ 2tTM/BM; i?2 HQ;`Bi?K iQ b2+QM/ Q`/2` r2 Q#iBM
S1[φ] − S1[0] =tr
 
−
  
t1<t2
φα(t1)φβ(t2)Γβ(t2)Γα(t1)dt1 dt2
 
D
+
1
2
   t
0
φα(t1)Γα(t1)dt1
 
D
   t
0
φβ(t2)Γβ(t2)dt2
 
D
 
, U8XRdV
h?2 }`bi Q`/2` i2`K itr
    t
0 φα(t1)Γα(t1)dt1
 
D
 
pMBb?2b #2+mb2 Γ Bb Q// mM/2` `2@
~2+iBQM k ↔− k- r?BH2 H0- H1- N- M/ B[0] `2 BMp`BMic ?2M+2 i`+2b Q7 Q//@Q`/2`
i2`Kb BM Γ pMBb?X aBKBH`Hv- i?2 QMHv MQM@pMBb?BM; +QMi`B#miBQM iQ 1[X U8XRdV Q++m`b
7Q` Ki+?2/ +QKTQM2Mib α = βX h?mb r2 ?p2 i?2 b2+QM/ Q`/2` 2tTMbBQMb
S1[φ]= S1[0] +
1
2
 
α
  t
0
  t
0
φα(t1)φα(t2)tr[Γα(t1)DΓα(t2)(D − 1)] dt1 dt2 U8XR3V
=S1[0] +
1
2
 
α
  t
0
  t
0
φα(t1)φα(t2)K(t1,t 2,t)dt1 dt2, U8XRNV
r?2`2 r2 ?p2 /2}M2/ i?2 F2`M2H
K(t1,t 2,t) ≡ tr[Γx(t1)DΓx(t2)(D − 1)]. U8XkyV
h?2 7Q`K Q7 1[X U8XkyV Bb p2`v mb27mH 7Q` +QKTmiiBQMbX amTTQb2 r2 /Bb+`2iBx2 iBK2 BMiQ
NkN +?mMFb, ∆t = T/NX h?2 F2`M2H ?b N2 2H2K2Mib- #mi 7i2` +QKTmiBM; i?2 N 2H2K2Mib
Q7 HBbib {Γx(tm)D} M/ {Γx(tm)(D−1)}- r?B+? BMpQHp2 2tT2MbBp2 Ki`Bt KmHiBTHB+iBQM-
i?2 2H2K2Mib Q7 i?2 F2`M2H `2 i`+2b Q7 T`Q/m+ib-  +QKTmiiBQMHHv +?2T QT2`iBQMX
.Bb+`2iBxBM; iBK2 BM i?Bb rv- i?2 b2+QM/ Q`/2` 2tTMbBQM Q7 S1[φ] KF2b 1[X U8XRyV
:mbbBM BMi2;`H i?i r2 +M `2/BHv 2pHmi2,
S(t)= eS1[0]
 
iM∆t
2
  dt
2∆t
det(A1)−d/2  
α
e
1
4Aα
2 A−1
1 Aα
2 U8XkRV
r?2`2 φα =( φα
1 ...φ α
t/∆t)- Aα
2 = i∆tPα(1...1) M/
(A1)jk = i
M
2
∆tδjk −
∆t2
2
K(tj,t k,t). U8XkkV
8Xj 1``Q` MHvbBb
A7 i`mM+iBM; S1[φ] iQ b2+QM/ Q`/2` BM φ Bb iQ #2  +QMi`QHH2/ TT`QtBKiBQM- r2 Kmbi
?p2 bQK2 rv Q7 2biBKiBM; i?2 bBx2 Q7 i?2 M2ti i2`K BM i?2 2tTMbBQM- r?B+? #v
bvKK2i`v +QK2b BM i 7Qm`i? Q`/2`X "v K2i?Q/b p2`v bBKBH` iQ i?Qb2 i?i H2/ mT iQ
1[bX U8XRNV M/ U8XkyV Ĝ r2 2tTM/ B[φ] iQ 7Qm`i? Q`/2` M/ HbQ ;Q iQ 7Qm`i? Q`/2` BM
i?2 b2`B2b 2tTMbBQM Q7 ln(1 + x) Ĝ r2 Q#iBM i?2 7Qm`i?@Q`/2` +QMi`B#miBQM Q7 S1[φ],
S
(4)
1 [φ]=
 
α,β,γ,δ
 
φα(t1)φβ(t2)φγ(t3)φδ(t4)
Kα,β,γ,δ(t1,t 2,t 3,t 4,t)dt1 dt2,d t 3,d t 4, U8XkjV
Njr?2`2- mbBM; i?2 b?Q`i?M/ Γ1, Γ2 7Q` Γα(t1), Γβ(t2) 2i+X r2 ?p2
Kα,β,γ,δ(t1,t 2,t 3,t 4,t)=t r
 
1
24
T (Γ1Γ2Γ3Γ4)D −
1
6
Γ1DT (Γ2Γ3Γ4)
−
1
8
T (Γ1Γ2)DT (Γ3Γ4)D +
1
2
Γ1DΓ2DT (Γ3Γ4)D −
1
4
Γ1DΓ2DΓ3DΓ4D
 
. U8Xk9V
A7 r2 r2`2 BMi2`2bi2/ BM 2pHmiBM; i?2 +Q``2+iBQM /m2 iQ i?2 7Qm`i? Q`/2` i2`K S
(4)
1 r2
+QmH/ 2tTM/ expS
(4)
1 M/ Q#iBM T2`im`#iBp2 +Q``2+iBQMb pB qB+FǶb i?2Q`2KX G2iiBM;
S(t) #2 b +H+mHi2/ #Qp2 Ĝ mbBM; i?2 b2+QM/@Q`/2` TT`QtBKiBQM 7Q` S1[φ] Ĝ M/
∆S(t) #2 i?2 7Qm`i?@Q`/2` +Q``2+iBQM- r2 ?p2
∆S(t)
S(t)
=
 
D[φ]eS0[φ]+S
(2)
1 [φ]S
(4)
1 [φ]
 
D[φ]eS0[φ]+S
(2)
1 [φ]
U8Xk8V
=(∆t)
4  
r,s,u,v
K(tr,t s,t u,t v,t)
 
A−1
rs A−1
uv + A−1
ruA−1
sv + A−1
rv A−1
us
 
, U8XkeV
r?2`2 i?2 BM/B+2b r,s,u,v H#2H /Bb+`2iBx2/ iBK2b BM i?2 BMi2`pH [0,t]X A7- ?Qr2p2`-
r2 M22/ QMHv M 2biBKi2 Q7 i?2 pHB/Biv Q7 i`mM+iBM; S1[φ] i b2+QM/ Q`/2`- r2 Kv
+H+mHi2 i?2 `iBQ Q7 2tT2+iiBQMb
 
S
(2)
1
 
M/
 
S
(4)
1
 
- rBi? p2`;2b iF2M rBi? `2bT2+i
iQ i?2 +iBQM S0[φ]X q2 Kv ;BM mb2 qB+FǶb i?2Q`2K- #mi MQr rBi? i?2 bBKTH2`
/B;QMH :`22M 7mM+iBQM
 
A−1 
mn →−
2i
M∆t
δmn U8XkdV
q2 i?2`27Q`2 ?p2
 
S
(4)
1
 
0  
S
(2)
1
 
0
= − 2i
t
M
(⟨K(r,r,s,s,t)⟩ + ⟨K(r,s,r,s,t)⟩ + ⟨K(r,s,s,r,t)⟩)/⟨K(s,s,t)⟩
U8Xk3V
N96B;m`2 8XR, _6 #bQ`TiBQM BM QM2 /BK2MbBQMX
r?2`2 i?2 p2`;2b `2 JQMi2 *`HQ p2`;2b Qp2` r,s BM i?2 BMi2`pH [0,t]X
8X9 _2bmHib
6B`bi Q7 HH- Qm` `2bmHib bQ 7` `2 bvKTiQiB+ BM BKTm`Biv Kbb #mi MQi BM iBK2X 1[X U8Xk3V
BM/B+i2b M BM+`2bBM; 2``Q` i H`;2 iBK2b- M/ r2 Kmbi FMQr bQK2i?BM; #Qmi i?2
/2+v Q7 S(t)- r?B+? rBHH ?QT27mHHv Q++m` [mB+FHv 2MQm;? i?i i?2 2``Q` BMi`Q/m+2/ #v
 b2+QM/ Q`/2` 2tTMbBQM Bb MQi iQQ b2p2`2X h?Bb /2+v Bb BM?2`2Mi iQ i?2 BM}MBi2@Kbb
+b2 M/ Bb MQi /`KiB+HHv z2+i2/ #v i?2 }MBi2@Kbb +Q``2+iBQMX AM //BiBQM iQ M
H;2#`B+ /2+v /m2 iQ i?2 Q`i?Q;QMHBiv +ibi`QT?2- i?2 iBK2@/QKBM +QMb2[m2M+2 Q7
pMBb?BM; Qp2`HT #2ir22M i?2 ;`QmM/ bii2b Q7 H0 M/ H1- i?2 /2+v Q7 S(t) Bb 7m`i?2`
++2H2`i2/ #v }MBi2 i2KT2`im`2X h?Bb Bb `2H2pMi iQ 2tT2`BK2Mib rBi? mHi`+QH/ iQKb-
r?2`2 i2KT2`im`2b Q7 i`TT2/ 72`KBQM bvbi2Kb ;2M2`HHv 2t+22/ 0.2tfX AM 6B;X 8Xj r2
THQi i?Bb /2+v 7Q` QM2@ M/ irQ@/BK2MbBQMH bvbi2Kb i h4yXR- yXk tf- i?2 7Q`K2` Q7
N86B;m`2 8Xk, _6 #bQ`TiBQM BM irQ /BK2MbBQMbX
r?B+? Bb bQK2r?i #2vQM/ +m``2Mi i2+?MQHQ;vX h?2b2 rBHH BM7Q`K i?2 2``Q` MHvbBb
#2HQr #v /2i2`KBMBM; r?B+? pHm2b Q7 t +QMi`B#mi2 iQ i?2 BMi2;`H 7Q` R(ω)X
AM 6B;X 8XR r2 TTHv Qm` 7Q`KHBbK iQ  H2M;i?@L = 500 R. bvbi2K i +?2KB+H
TQi2MiBH µ = −0.5tf M/ i2KT2`im`2 T =0 .1tf rBi?  `2TmHbBp2 +QMi+i BMi2`+iBQM
Q7 bi`2M;i? V =4 tf M/ x2`Q BMBiBH BKTm`Biv KQK2MimKX q2 Q#iBM 7Q` M = ∞
 TQr2`@Hr bBM;mH`Biv Q7 R(ω) BM #Qi? +b2b- b Bb r2HH FMQrMX 6Q` }MBi2 Kbb2b
M = 100, 2510tf i?Bb #2?pBQ` T2`bBbib- rBi? `2MQ`KHBxiBQM Q7 i?2 bBM;mH` 2tTQM2MiX
AM //BiBQM iQ i?2 /QKBMMi #bQ`TiBQM i?`2b?QH/ bBM;mH`Biv i?2`2 Bb M //BiBQM
T2FX q2 ii`B#mi2 i?Bb iQ i?2 7Q`KiBQM Q7  `2TmHbBp2Hv@#QmM/ bii2- r?B+? r2 Kv
2bBHv DmbiB7v BM i?2 BM}MBi2@Kbb +b2 b 7QHHQrbX 6Q` M N@T`iB+H2 bvbi2K i?2 }`bi
T2F Q++m`b i i?2 KMv@#Q/v ;`QmM/ bii2 2M2`;v Q7 H1- r?B+? Bb i?2 bmK Q7 i?2 N
HQr2bi 2B;2M2M2`;B2bX 6Q` M = ∞ H1 Bb bBKTHv  bBM;H2@T`iB+H2 Ki`Bt M/ Bb 2bBHv
/B;QMHBx2/X q?2M V> 0 Bb `2TmHbBp2- HH 2M2`;B2b #mi QM2 HB2 BM  +QMiBMmmK #M/c
Ne6B;m`2 8Xj, .2+v Q7 |S(t)| BM 40 × 40 k. bvbi2Kb M/ L = 500 R. bvbi2Kb i i2KT2`im`2b Q7
0.2tf M/ 0.1tfX S`K2i2`b `2 µ = −0.5tf- V =4 tf- M/ M = ∞X
Ndi?2 Hbi- r?B+? Bb #Qp2 i?2 +QMiBMmmK- #2HQM;b iQ i?2 `2TmHbBp2Hv@#QmM/ bii2X h?mb
i?2 b2+QM/ #bQ`TiBQM i?`2b?QH/ 2M2`;v Bb i?2 bmK Q7 i?2 N −1 HQr2bi 2B;2M2M2`;B2b M/
i?2 ?B;?2bi 2B;2M2M2`;v Q7 H1X h?2 b2T`iBQM #2ir22M i?2 irQ T2Fb Bb i?2 /Bz2`2M+2
#2ir22M i?2 ?B;?2bi M/ i?2 Ni? HQr2bi Q7 2B;2M2M2`;B2b Q7 H1X 6Q` i?2 T`K2i2`b
;Bp2M #Qp2 r2 Q#iBM  b2T`iBQM Q7 9XNd tf- r?B+? ;`22b 2t+iHv rBi? i?2 THQii2/
pHm2bX
h?2 T?vbB+b Q7 `2TmHbBp2Hv@#QmM/ bii2b Bb mM7KBHB` iQ KMv #mi p2`v bBKTH2X "@
bB+HHv- T`iB+H2b Q#2vBM;  #QmM/2/ /BbT2`bBQM +MMQi +QMp2`i M `#Bi``v KQmMi Q7
TQi2MiBH 2M2`;v /m2 iQ #2BM; TH+2/ M2`  `2TmHbBp2 BKTm`Biv BMiQ FBM2iB+ 2M2`;v- M/
i?mb `2KBM BM  #QmM/ bii2X b M //BiBQMH +?2+F- r2 ?p2 p2`B}2/ i?i Qm` 7Q`KH@
BbK /Q2b MQi T`Q/m+2 i?Bb b2+QM/ T2F BM  +QMiBMmmK bvbi2K- r?2`2 i?2 H+F Q7 "HQ+?
#M/b +B`+mKp2Mib i?Bb `;mK2MiX hQ Qm` FMQrH2/;2- i?Bb rQ`F Bb i?2 }`bi i?2Q`2iB+H
rQ`F iQ MHvx2  `2TmHbBp2Hv@#QmM/ bii2 BM  KMv@#Q/v K2/BmKX q2 ?p2 b?QrM
?2`2 i?i Bi 2tBbib M/ Bb 2tT2`BK2MiHHv /2i2+i#H2X
AM 6B;X 8Xk r2 `2T2i i?Bb MHvbBb 7Q`  L × L = 40 × 40 k. bvbi2K i +?2KB+H
TQi2MiBH µ = −0.5tf M/ i2KT2`im`2 T =0 .1tf rBi?  `2TmHbBp2 +QMi+i BMi2`+iBQM Q7
bi`2M;i? V =4 tf M/ x2`Q BMBiBH BKTm`Biv KQK2MimKX q2 ;BM }M/ bBM;mH` #2?pBQ`
7Q` M BM}MBi2 Kbb BKTm`Biv- #mi }M/ i?i i?Bb #2?pBQ` Bb /`KiB+HHv BM~m2M+2/ #v
`#Bi``v }MBi2 Kbb- mMHBF2 i?2 R. +b2X q2 ;BM b22 2pB/2M+2 Q7  `2TmHbBp2Hv@#QmM/
bii2X
hQ DmbiB7v i?2 b2+QM/ Q`/2` TT`QtBKiBQM iQ S1[φ] r2 +M mb2 1[X U8Xk3V iQ /2i2`KBM2
i?2 pHm2b Q7 t/M 7Q` r?B+? i?Bb TT`QtBKiBQM Bb pHB/- i?i Bb- 7Q` r?B+? i?2 7Qm`i?@
Q`/2` +Q``2+iBQM Bb bKHHX AM 6B;X 8X9 r2 b?Qr i?2 `iBQ
 
S
(4)
1
 
0
/
 
S
(2)
1
 
0
BM mMBib Q7 t/M
7Q` `2H2pMi iBK2b UBM #Qi? i?2 R. M/ k. +b2b- S(t) /2+vb #v 9 Q`/2`b Q7 K;MBim/2
#v iBK2 t = 100X .m2 iQ i?2 bKHHM2bb Q7 i?Bb `iBQ- r2 +M b22 i?i 7Q` i?2 bKHH2bi
N3Kbb M/ HQM;2bi iBK2 +QMbB/2`2/ i?2 2``Q` `iBQ `2+?2b #Qmi 1/3X h?mb M = 10
Bb `Qm;?Hv i?2 bKHH2bi Kbb i?i +M #2 bim/B2/ i i?Bb i2KT2`im`2X >Qr2p2`- S(t)
/2+vb Km+? KQ`2 `TB/Hv rBi? BM+`2bBM; i2KT2`im`2- HHQrBM; QM2 iQ bim/v bKHH2`
Kbb2bX 6Q` 2tKTH2- BM i?2 R. bvbi2K #Qp2 i i2KT2`im`2 T =0 .2tf Ur?B+? ;BM- Bb
i i?2 2ti`2K2 HBKBi Q7 +m``2Mi +T#BHBiB2b 7Q` MQM@HiiB+2 bvbi2Kb M/ `2KBMb #2vQM/
i?2 HBKBi 7Q` HiiB+2 bvbi2KbV- S(t) /2+vb HKQbi +QKTH2i2Hv #v iBK2 t = 50(tf)−1X 6`QK
6B;X 8X9 r2 b22 i?i i?2 `2HiBp2 bBx2 Q7 i?2 7Qm`i?@Q`/2` +Q``2+iBQM i i?Bb iBK2 Bb `QmM/
0.015×t/M- r?B+? Bb QMHv #Qmi Rfe 2p2M 7Q`  7B`Hv HB;?i Kbb M =5 X h?mb Bi Bb b72
iQ +QM+Hm/2 i?i Qm` `2bmHib `2 rBHH #2 [mMiBiiBp2Hv pHB/ BM `2H 2tT2`BK2MibX 6BMHHv-
r2 MQi2 i?i B7 /pM+2b BM i2+?MQHQ;v H2/ iQ 72`KBQM i`TTBM; i i2KT2`im`2b HQr2`
i?M i?Qb2 +QMbB/2`2/ ?2`2- i?2 bK2 MHvbBb i?i H2/ iQ i?2 7Qm`i?@Q`/2` 2``Q` +M HbQ
#2 mb2/- rBi? KBMQ` KQ/B}+iBQMb- iQ +imHHv +H+mHi2 i?2 +Q``2+iBQM iQ S(t) 7`QK i?2
7Qm`i? Q`/2` i2`KX
NN6B;m`2 8X9, _2HiBp2 +QMi`B#miBQM Q7 7Qm`i? Q`/2` +Q``2+iBQM BM QM2 M/ irQ /BK2MbBQMbX
RyyA
6mM+iBQMH .2i2`KBMMib 7Q` :2M2`H
"BHBM2` >KBHiQMBMb
q2 br BM +?Ti2`b R@j ?Qr iQ +QKTmi2 2t+i :`22M 7mM+iBQMb Q7 i?2 7Q`K
 
c† ...ce Z 
-
r?2`2 Z Bb KMv@#Q/v QT2`iQ` Q7 i?2 7Q`K Z = c
†
izijcjX U_2+HH i?i i?2 BM/B+2b i M/
j +QK#BM2 bTBM M/ Q`#BiH /2;`22b Q7 7`22/QKVX h?Bb bm{+2/ iQ ?M/H2 HH i?2 2tKTH2b
RyR+QMbB/2`2/ BM i?Bb i?2bBbX 6m`i?2`KQ`2  >KBHiQMBM rBi?  bBM;H2i TB`BM; i2`K,
H =
 
i,j,σ
Hσ
ijc
†
i,σcj,σ +
 
i,j
 
H′
ijc
†
i,↑c
†
j,↓ +h .c.
 
UXRV
+M #2 `2+bi pB i?2 mMBi`v T`iB+H2@?QH2 i`Mb7Q`KiBQM c
†
i,↓ ↔ ci,↓- vB2H/BM;
H =
 
i,j
H
↑
ijc
†
i,↑cj,↑ −
 
i,j
H
↓
ijc
†
j,↓ci,↓ +
 
i,j
 
H′
ijc
†
i,↑cj,↓ +h .c.
 
+t r H↓, UXkV
r?B+? Bb  MQM@MQKHQmb [m/`iB+ >KBHiQMBM THmb  +@MmK#2`X
>Qr2p2` KQ`2 2tQiB+ bTBM Q`/2` i?M i?2 bBKTH2 MiB72``QK;2iBbK r2 +QMbB/2`2/
#Qp2- Q` i`BTH2i bmT2`+QM/m+iBpBiv rBi? TB`BM; i2`Kb c
†
i,↑c
†
j,↑ `2[mB`2  KQ`2 bB;MB}+Mi
//BiBQM iQ i?2 7Q`KHBbKX Ab`2H EHB+? ?b /2pBb2/ M BM;2MBQmb K2i?Q/ r?2`2BM +`2@
iBQM M/ MMB?BHiBQM QT2`iQ`b `2 i`2i2/ QM 2[mH 7QQiBM; BM  `2/mM/Mi #bBb Q7
JDQ`M 72`KBQMbX *QMbB/2`  ;2M2`H #BHBM2` >KBHiQMBM QM M n@/BK2MbBQMH #bBb
i =1 ,2,...nX
H = Hijf
†
i fj +
1
2
(∆ijfifj +h .c.), UXjV
r?2`2 ∆ij Bb MiBbvKK2i`B+ M/ H Bb >2`KBiBMX q2 +M `2r`Bi2 H BM i2`Kb Q7 i?2 2n
JDQ`M 72`KBQMb
ci = f
†
i + fi i =1 ,2,...n UX9V
ci = i(f
†
i − fi) i = n +1 ,n+2 ,...2n, UX8V
r?B+? Q#2v ci = c
†
i M/ cicj + cjci =2 δij- b
H = Aijcicj, UXeV
Rykr?2`2
A = i
⎛
⎜
⎝
Im(∆ + H)R e ( ∆ + H)
−Re(∆ − H)I m ( ∆ − H)
⎞
⎟
⎠ UXdV
h?2`27Q`2- r2 `2 BMi2`2bi2/ BM i`+2b Q7 i?2 7Q`K
Z(A) ≡ treAijcicj UX3V
rBi? `2bT2+i iQ 2n@/BK2MbBQMH 6Q+F bT+2- r?2`2 Aij Bb M MiBbvKK2i`B+ 2n × 2n
Ki`BtX aQK2 i?Qm;?i #Qmi ?Qr i?2 +H+mHiBQM 7Q` i?2 bBKTH2 +b2 ∆=0rb +``B2/
Qmi rBHH BM/B+i2 ?Qr iQ T`Q+22/ rBi? i?2 ;2M2`H +b2X h?2`2- r2 TT2H2/ iQ i?2
2tBbi2M+2 Q7  #bBb BM r?B+? H Bb /B;QMH iQ `2/m+2 i?2 6Q+F@bT+2 i`+2 iQ  T`Q/m+i
Q7 i`+2b Qp2` irQ@/BK2MbBQMH 6Q+F bT+2b nα =0 ,1 7Q` BM/BpB/mH 2B;2Mbii2bX h?2
bm++2bb Q7 i?Bb T`Q+2/m`2 mHiBKi2Hv `2HB2/ QM i?2 BMp`BM+2 Q7 i?2 i`+2 mM/2` mMBi`v
i`Mb7Q`KiBQMbX h?2`27Q`2- i?2 }`bi bi2T Bb iQ /2i2`KBM2 r?i ;`QmT Q7 i`Mb7Q`KiBQMb
iF2b i?2 TH+2 Q7 U(n)X hQ T`2b2`p2 i?2 /2}MBM; MiB+QKKmiiQ` {ci,c j} =2 δij Q7 i?2
*HBzQ`/ H;2#` mM/2` bQK2 i`Mb7Q`KiBQM c′
i = Mijcj r2 `2[mB`2
MikMjl(ckcl + clck)= 2 δij UXNV
MikMjl2δkl =2δij UXRyV
MikMjk =δij UXRRV
MM  =I UXRkV
h?mb r2 `2 +QM+2`M2/ rBi? +QKTH2t Q`i?Q;QMH i`Mb7Q`KiBQMb- MQi mMBi`v i`Mb7Q`@
KiBQMbX h?i Bb- r2 ?p2 bQ 7` b22M i?i B7 Mv bQ`i Q7 i`Mb7Q`KiBQM Bb iQ H2p2 Z(A)
BMp`BMi- Bi Bb i?2 Q`i?Q;QMH i`Mb7Q`KiBQMbX q2 rBHH b22 #2HQr i?i i?Bb +QM/BiBQM Bb
Ryjbm{+B2MiX
b #27Q`2- Qm` ;QH Bb iQ +bi i?2 i`+2 Tm`2Hv BM i2`Kb QM KMBTmHiBQMb QM i?2 Ki`Bt
AX hQ i?i 2M/- r2 MQi2 i?i mM/2` i`Mb7Q`KiBQMb c′
i = Oijcj i?2 #BHBM2` QT2`iQ`
i`Mb7Q`Kb b
Aijcicj → AijOikckOjlcl =( O AO)kl ckcl UXRjV
bQ i?i BM 2z2+i A → O AOX  Mim`H +QMD2+im`2 Bb i?2`27Q`2 i?i Z(A)=Z(O AO)-
r?B+? rQmH/ HHQr mb iQ i`Mb7Q`K A BMiQ  +QMp2MB2Mi +MQMB+H 7Q`K BM r?B+? i?2 6Q+F
bT+2 i`+2 /2+QKTQb2b b i?2 T`Q/m+i Q7 bBKTH2 7+iQ`bX  bm{+B2Mi +QM/BiBQM 7Q` i?Bb
Bb b 7QHHQrb, bmTTQb2 i?i 7Q` +QKTH2t Q`i?Q;QMH O i?2`2 2tBbi2/ U(O) bm+? i?i i?2
+iBQM Q7 O QM i?2 b2i Q7 JDQ`M 72`KBQMb Bb B/2MiB+H iQ  bBKBH`Biv i`Mb7Q`KiBQM,
Oijcj = U(O)ciU(O)−1 UXR9V
A7 bm+?  U 2tBbib r2 i?2M ?p2- mbBM; i?2 +v+HB+Biv Q7 i?2 i`+2
Z(A)= t r eAijcicj =t r
 
U(O)eAijcicjU(O)−1 
=t r
 
eU(O)AijcicjU(O)−1 
UXR8V
=tr
 
eAijU(O)ciU(O)−1U(O)cjU(O)−1 
UXReV
=tr
 
e(O AO)ijcicj
 
= Z(O AO), UXRdV
r?B+? Bb i?2 /2bB`2/ `2bmHiX
hQ 2bi#HBb? i?2 2tBbi2M+2 Q7 U(O) r2 MQi2 i?i Mv Ki`Bt BM i?2 +QMM2+i2/ +QKTQ@
M2Mi Q7 O(2n,C) +QMiBMBM; i?2 B/2MiBiv +M #2 r`Bii2M b eiK r?2`2 K Bb U+QKTH2tV
MiBbvKK2i`B+ Uh?2 Hii2` Bb i?2 GB2 H;2#` Q7 i?2 7Q`K2`VX 6Q` Q`i?Q;QMH Ki`B+2b Q7
Ry9i?Bb 7Q`K r2 +M i?2M r`Bi2
 
eiK 
ml cl = e− i
4Kijcicjcme
i
4Kmncmcn, UXR3V
r?B+? 2tTHB+BiHv ;Bp2b U(O)=e− i
4KmncmcnX q2 Kv p2`B7v i?Bb pB  7Q`K Q7 i?2 "F2`@
*KT#2HH@>mbb/Q`z H2KK,
eXYe −X = Y +[ X,Y]+
1
2!
[X,[X,Y ]]... UXRNV
rBi? X = − i
4Kijcicj M/ Y = cmX q2 `2[mB`2 i?2 +QKKmiiQ`
[cicj,c m]= cicjcm − cmcicj UXkyV
=ci(−cmcj +2 δmj) − cmcicj UXkRV
= − (−cmci +2 δim)cj +2 δmjci − cmcicj UXkkV
=2δmjci − 2δmicj UXkjV
h?2M- mbBM; i?2 MiBbvKK2i`v Q7 K- r2 ?p2
[X,Y ]=−
i
2
Kimci − Kmjcj = iKmici. UXk9V
h`2iBM; c b  +QHmKM p2+iQ` Q7 i?2 QT2`iQ`b cm- r2 ?p2
[X,cm]=i(Kc)m, [X,[X,cm]] = i2Kmi(Kc)i = i2(K2c)m,..., UXk8V
Ry8bQ i?i
eXcme−X =
 
∞  
n=0
in
n!
Knc
 
m
UXkeV
=
 
eiK 
ml cl UXkdV
6BMHHv- iQ ;2i i?2 r?QH2 +QKTH2t Q`i?Q;QMH ;`QmT M/ MQi Dmbi QM2 +QMM2+i2/ +QKTQ@
M2Mi- r2 M22/  bBKBH`Biv i`Mb7Q`KiBQM i?i +ib HBF2  Ki`Bt rBi? M2;iBp2 /2i2`@
KBMMiX h?Bb Bb T`QpB/2/ #v
cm → cjcmc−1
j = cjcmcj = −cm +2 δmjcj =
⎧
⎪ ⎨
⎪ ⎩
−cm (m = j)
cm (m ̸= j)
UXk3V
h?Bb Bb 2[mBpH2Mi iQ i?2 +iBQM Q7 M Q`i?Q;QMH Ki`Bt 2[mH iQ i?2 B/2MiBiv #mi rBi?
 bBM;H2 /B;QMH 2H2K2Mi 2[mH iQ KBMmb@QM2- r?B+? +H2`Hv T`QpB/2b i?2 M2+2bb`v HBMF
iQ i?2 +QMM2+i2/ +QKTQM2Mi Q7 i?2 Q`i?Q;QMH ;`QmT rBi? M2;iBp2 /2i2`KBMMiX
LQr i?i r2 ?p2 2bi#HBb?2/ i?2 BMp`BM+2 Q7 i?2 i`+2 rBi? `2bT2+i iQ `#Bi``v
Q`i?Q;QMH i`Mb7Q`KiBQMb BM i?2 JDQ`M #bBb- r2 M22/ iQ }M/ i?2 Q`i?Q;QMH i`Mb@
7Q`KiBQM i?i bBKTHB}2b i?2 i`+2X AKTQ`iMiHv- r2 M22/ QMHv FMQr i?2 2tBbi2M+2 Q7
bQK2 i`Mb7Q`KiBQMX 6Q` MiBbvKK2i`B+ 2n × 2n Ki`Bt A rBi? MQM@/2;2M2`i2 2B;2M@
pHm2b- Bi Bb T`Qp2M BM i?2 #QQF #v :MiK+?2` i?i A Bb Q`i?Q;QMHHv bBKBH` iQ 
#HQ+F@/B;QMH Ki`Bt +QMiBMBM; n #HQ+Fb Q7 i?2 7Q`K
Bi =
⎛
⎜
⎝
0 εi
−εi 0
⎞
⎟
⎠, UXkNV
r?2`2 ±iεi,i=1 ,...n`2 i?2 2B;2MpHm2b Q7 AX h?i Bb- i?2`2 2tBbib Q`i?Q;QMH O bm+?
Ryei?i OAO  = ⊕BiX h?mb
Z(A)=t r e
 
εi(c2ic2i+1−c2i+1c2i) =t r e
 
2εic2ic2i+1 UXjyV
.m2 iQ i?2 BMp`BM+2 mM/2` Q`i?Q;QMH bBKBH`Biv i`Mb7Q`KiBQMb- r2 Kv T2`7Q`K M
`#Bi``v T2`KmiiBQM +?M;2@Q7@#bBb Q7 i?2 JDQ`M 72`KBQMb bm+? i?i c2i = f
†
j +fj
M/ c2i+1 = i(f
†
j −fj) 7Q` bQK2 72`KBQM bii2 jX h?2 i`+2 i?2M /2+QKTQb2b b  T`Q/m+i,
Z =
 
i
tre
2iεi(f
†
j fj−fjf
†
j ) =
 
i
 
nj=0,1
e2iεi(2nj−1) =
 
i
 
e2iεi + e−2iεi 
UXjRV
=
 
i
2cos(2εi)=
 
i
sin(4εi)
sin(2εi)
UXjkV
i i?Bb TQBMi- r2 +MǶi [mBi2 `2Hi2 Z iQ  /2i2`KBMMi BMpQHpBM; eA #2+mb2 Q7 i?2
K#B;mBiv BM i?2 bB;M Q7 εiX AMbi2/ Q7  /2i2`KBMMi BMpQHpBM; n pHm2b εi- i?i Bb- 
/2i2`KBMMi Q7 M n × n Ki`Bt- r2 +M `2Hi2 Z iQ i?2 S7{M Q7  2n × 2n Ki`Bt
BMpQHpBM; i?2 2n pHm2b ±εiX b i?2 S7{M- HBF2 i?2 /2i2`KBMMi- 7+iQ`Bx2b Qp2` #HQ+F
/B;QMH Ki`B+2b- r2 M22/ iQ `2Hi2 i?2 7+iQ`b sin(mεi) iQ  S7{M BMpQHpBM; i?2
#HQ+F BiX am+?  `2HiBQM +M #2 Q#iBM2/ pB
Pf
 
emBi − e−mBi 
=P f
⎛
⎜
⎝
0 2sin(mεi)
−2sin(mεi)0
⎞
⎟
⎠ =2s i n ( mεi) UXjjV
"v i?2 #HQ+F@7+iQ`Bx#BHBiv Q7 i?2 S7{M- r2 ?p2
Z(A)=
 
i
Pf
 
e4Bi − e−4Bi 
Pf (e2Bi − e−2Bi)
=
Pf
 
e4A − e−4A 
Pf (e2A − e−2A)
UXj9V
6BMHHv- r2 Kmbi 2ti2M/ i?2 `;mK2Mi iQ i?2 /2;2M2`i2 +b2X aBM+2 i?2 /2}MBiBQM Q7
RydZ(A) Bb MHviB+- M/ bBM+2 #Qi? i?2 MmK2`iQ` M/ /2MQKBMiQ` Q7 1[X UXj9V `2
MHviB+- i?2 QMHv TQi2MiBH T`Q#H2K rQmH/ #2 B7 i?2 /2MQKBMiQ` ?b x2`Q Q7 ?B;?2`
Q`/2` i?M i?2 MmK2`iQ`X lbBM; i?2 B/2MiBiv Pf2(M)=d e t ( M) r2 ?p2
Z2(A)=
det(e4A − e−4A)
det(e2A − e−2A)
=d e t ( e2A + e−2A), UXj8V
r?B+? Bb KMB72biHv MHviB+X h?mb #v MHviB+ +QMiBMmBM; i?2 +b2 rBi? M `#Bi``BHv
bKHH /2;2M2`+v@#`2FBM; T2`im`#iBQM- r2 2bi#HBb? i?2 `2bmHi 1[X UXj9V HbQ 7Q` i?2
/2;2M2`i2 +b2X 6Q` i?2 bK2 `2bQM b 7Q` >KBHiQMBMb rBi?Qmi TB`BM;- i?2 i`+2
7Q`KmH 2ti2M/b
Ry3B
//BiBQMH _1sa +H+mHiBQMb
"XR 1772+i Q7 *Q`2 >QH2 BM _1sa aT2+i`
AM 6B;m`2 U"XRV r2 b?Qr i?2 2z2+i Q7 p`vBM; +Q`2 ?QH2 bi`2M;i?b QM i?2 _1sa bT2+i`mKX
h?2 2bb2MiBH 72im`2b iQ MQi2 `2 UBV ~ii2MBM; Q7 i?2 ?B;? 2M2`;v T2F M/ ;`Qri? Q7
i?2 HQr 2M2`;v T2F- M/ UBBV bHB;?i BM+`2b2 BM T2F b2T`iBQM- b +Q`2 ?QH2 bi`2M;i? Bb
BM+`2b2/X "v U0 = −0.75 2o- i?2 mTT2` T2F Bb HKQbi BMpBbB#H2X
RyNh?2 T2F 2M2`;B2b i?2Kb2Hp2b /2T2M/ QM U0 BM i?i M ii`+iBp2 TQi2MiBH i2M/b iQ
HQr2` HH 2M2`;B2bX >Qr2p2`- i?2 b2T`iBQM #2ir22M T2Fb /2T2M/b QMHv r2FHv QM U0X
w2`Q 2M2`;v- BX2X i?2 62`KB 2M2`;v Ef- Bb MQi i i?2 }`bi KtBKmKX h?2 HQ+iBQM Q7 i?Bb
KtBKmK Bb /2i2`KBM2/ #v /vMKB+ M2biBM;- r?B+? Q++m`b i bQK2 2M2`;v #Qp2 Ef-
M/ i?2 2t+BiQMB+ 2z2+i- r?B+? HQr2`b 2M2`;B2b Q7 i`MbB2Mi bii2bX h?mb BM T`BM+BTH2 i?2
}`bi T2F +QmH/ #2 i TQbBiBp2 Q` M2;iBp2 2M2`;vX
6B;m`2 "XR, _1sa bT2+i` Q7 G"*P i /Bz2`2Mi +Q`2 ?QH2 bi`2M;i?bX ω′ Bb /2}M2/ b BM 6B;m`2 URV
Q7 i?2 KBM i2tiX
RRy"Xk *Q`2 >QH2 umFr SQi2MiBHb
6B;m`2 U"XkV b?Qrb i?2 +H+mHi2/ _1sa bT2+i` 7Q` T`K2i2`b B/2MiB+H iQ i?Qb2 BM
i?2 KBM i2ti #mi umFr +Q`2 ?QH2 TQi2MiBHb Q7 i?2 7Q`K
U(r)=U0
⎧
⎪ ⎨
⎪ ⎩
1( r = 0)
e−r/r0
r (r ̸= 0
, U"XRV
r?2`2 r0 Bb i?2 `M;2 Q7 i?2 TQi2MiBHX h?2 2z2+i Bb [mBi2 bBKBH` iQ i?i Q#iBM2/
#v BM+`2bBM; U0 BM i?2 +b2 Q7  +QMi+i TQi2MiBH- r?B+? Bb b2MbB#H2 Ĝ  TQi2MiBH
r2HH +M #2+QK2 #B;;2` #v ;`QrBM; /22T2` Q` rB/2`X h?2 ?B;? 2M2`;v T2F #2+QK2b
H2bb T`QMQmM+2/ M/ #Qi? T2Fb KQp2 iQ HQr2` 2M2`;B2bX 6Q` i?2 umFr +b2- mMHBF2
7Q` +QMi+i TQi2MiBHb- i?2 b2T`iBQM #2ir22M T2Fb /2+`2b2b bHB;?iHv b i?2 `M;2
BM+`2b2bX h?Bb Bb MQi T`Q7QmM/ Ĝ Bi K2`2Hv `2~2+ib i?2 7+i i?i /Bz2`2Mi TQi2MiBHb vB2H/
/Bz2`2Mi 2t+BiQMB+ 2z2+ibX AM+B/2MiHHv- r2 MQi2 i?i Bi Bb TQbbB#H2 i?i G.@/2`Bp2/
iB;?i@#BM/BM; T`K2i2`b `2 [mBi2 ++m`i2 M/ i?i 2t+BiQMB+ 2z2+ib Q7  umFr
TQi2MiBH `2/m+2 i?2 b2T`iBQM Q7 T2Fb iQ i?2 2tT2`BK2MiHHv@Q#b2`p2/ pHm2X
"Xj G.@ pbX _S1a@/2`Bp2/ "M/ ai`m+im`2
6B;m`2 U"XjV b?Qrb _1sa bT2+i` mbBM; i?2 bK2 T`K2i2`b b BM i?2 KBM i2ti 2t+2Ti
7Q` `2TH+BM; ?QTTBM; bi`2M;i?b rBi? i?Qb2 Q#iBM2/ 7`QK G. M/ _S1aX h?2 bT2+i`
`2 [mHBiiBp2Hv i?2 bK2 #mi rBi? /Bz2`2Mi T2F b2T`iBQMbX h?2 2tT2`BK2MiHHv@
Q#b2`p2/ T2F b2T`iBQM Bb H2bb i?M i?i Q7 G. M/ KQ`2 i?M i?i Q7 _S1aX
RRR6B;m`2 "Xk, _1sa bT2+i` Q7 G"*P i /Bz2`2Mi umFr TQi2MiBH `M;2b 7Q` }t2/ +Q`2 ?QH2 TQ@
i2MiBH /2Ti? U0 = −0.25 2oX ω′ Bb /2}M2/ b BM 6B;m`2 URV Q7 i?2 KBM i2tiX
"X9 aHB;?iHv@AM2HbiB+ a+ii2`BM;
q2 bbmK2/ Tm`2Hv 2HbiB+ b+ii2`BM; BM r?B+? |f⟩ = |i⟩X >Qr2p2`- `2bQHmiBQMb Q7 #Qi?
2M2`;v M/ KQK2MimK `2 }MBi2 M/- bbmKBM; T =07Q` bBKTHB+Biv-  }MH bii2
+QMiBMBM; 2H2+i`QM@?QH2 TB`b Q7 p2`v bKHH iQiH 2M2`;v M/ KQK2Mi +QmH/ +Q``2bTQM/
iQ TT`2MiHv@2HbiB+ b+ii2`BM;X q2 +M ;Bp2 irQ bBKTH2 `2bQMb r?v i?Bb /Q2b MQi
z2+i i?2 pHB/Biv Q7 b2iiBM; |f⟩ = |i⟩X 6B`biHv- i?2 `i2 Q7 T`Q/m+BM; Mv ;Bp2M 2H2+i`QM@
?QH2 TB`- 7Q` 2tKTH2 #v b+ii2`BM; Q7 62`KB b2 2H2+i`QMb #v i?2 +Q`2 ?QH2 TQi2MiBH-
Bb BM/2T2M/2Mi Q7 i?2 i`MbB2Mi bii2 Q7 i?2 T?QiQ2H2+i`QMX h?mb i?2 +`2iBQM Q7 HQr@
2M2`;v M/ HQr@KQK2MimK 2t+BiiBQMb BM i?2 }MH bii2 rBHH BM+`2b2 i?2 K2bm`2/
2HbiB+ BMi2MbBiv mMB7Q`KHv #v M |n⟩@BM/2T2M/2Mi 7+iQ`X a2+QM/Hv- Ki`Bt 2H2K2Mib
iQ T`Q/m+2  T`iB+H2 Q7 KQK2MimK q p`v bHQrHv b  7mM+iBQM Q7 q- ?2M+2 bHB;?iHv@
RRk6B;m`2 "Xj, _1sa bT2+i` Q7 G"*P i /Bz2`2Mi 7Q` G. M/ _S1a iB;?i@#BM/BM; T`K2i2`bX
ω′ Bb /2}M2/ b BM 6B;m`2 URV Q7 i?2 KBM i2tiX
BM2HbiB+ T`Q+2bb2b /Q MQi 2t?B#Bi  T2F BM KQK2MimK i`Mb72`X h?2v +QMi`B#mi2 
+QMbiMi BM+Q?2`2Mi #+F;`QmM/ r?B+? Bb 2bBHv BbQHi2/ 7`QK i?2 /Bz`+iBQM T2FX AM
T`+iB+2- i?Bb Bb /QM2 #v K2bm`BM; _1sa bT2+i` Qp2`  `M;2 Q7 KQK2MimK i`Mb72`
i?i +`Qbb2b i?2 Q`/2`BM; rp2p2+iQ` QX
RRjC
.2`BpiBQM Q7 _1sa 6Q`KmH
>2`2 r2 mb2 i?2 K2i?Q/ Q7 EHB+? iQ +QKTmi2 2tT`2bbBQMb Q7 i?2 7Q`K
A =
trF
 
dj,σe−iH1td
†
j,σe−βH0
 
trF [e−βH0]
, U*XRV
r?2`2 H0,1 `2 [m/`iB+ >KBHiQMBMb M/ dj MMB?BHi2b i?2 bBM;H2@T`iB+H2 qMMB2`
Q`#BiH |j⟩X q2 r`Bi2 trF M/ trH 7Q` i`+2b rBi? `2bT2+i iQ KMv@T`iB+H2 6Q+F bT+2
RR9M/ bBM;H2@T`iB+H2 >BH#2`i bT+2- `2bT2+iBp2HvXq2 bTHBi i?2K BMiQ +QKKmiBM; T`ib i?i
+i QM 2H2+i`QMb Q7 bTBMb σ M/ ¯ σ, H0(1) = H0(1),σ + H0(1),¯ σX h?2M i?2 i`+2b 7+iQ`Bx2
BMiQ /Bz2`2Mi bTBM b2+iQ`b,
A =
trF
 
dj,σe−iH1,σtd
†
j,σe−βH0,σ
 
trF
 
e−βH0,σ 
trF
 
e−iH1,¯ σte−βH0,¯ σ 
trF
 
e−βH0,¯ σ  , U*XkV
1+? i`+2 Bb bTBM@BM/2T2M/2Mi- bQ H2i mb BMi`Q/m+2
X0 = − βH0,σ = −βH0,¯ σ U*XjV
X1 = − itH1,σ = −itH1,¯ σ, U*X9V
r?2`2 2[mHBiv Bb mT iQ BbQKQ`T?BbK Q7 bTBM@σ M/ bTBM@¯ σ bm#bT+2bX h?i Bb- X0,1 +i
QM i?2 6Q+F bT+2 Q7  bTBMH2bb +QM/m+iBQM #M/X 1[miBQM U*XkV i?2M `2/b
A =
trF
 
djeX1d
†
jeX0
 
trF [eX0]
trF
 
eX1eX0 
trF [eX0]
, U*X8V
.2}M2 X2 bm+? i?i exp(X1)exp(X0) ≡ exp(X2)X "v i?2 "F2`@*KT#2HH@>mbb/Q`z
G2KK- X2 Bb [m/`iB+X G#2H i?2 2B;2Mbii2b Q7 Xi b 7QHHQrb,
Xi|α,i⟩ = ωα,i|α,i⟩,X i =
 
ωα,id
†
α,idα,i =
 
ωα,inα,i U*XeV
*?M;2 Q7 #bBb Bb /QM2 rBi? dj =
 
α ⟨j|α,i⟩dα,i 2i+- M/ i?2 mb27mH +Q`QHH`v
 
α
|α,i⟩dα,i =
 
α
|α,i⟩⟨α,i|
⎛
⎝
 
β
|β,j⟩dβ,j
⎞
⎠ =
 
β
|β,j⟩dβ,j. U*XdV
h?2 /2MQKBMiQ` i`+2b BM 1[miBQM *X8 `2 i?2 bBKTH2bi iQ 2pHmi2 M/ `2  mb27mH
RR8r`K@mT 7Q` i?2 MmK2`iQ` i`+2bX h?2 }`bi bi2T BM i?2 #bBb {|α,0⟩} BM r?B+? X0
Bb /B;QMH M/ i?2 KMv@#Q/v i`+2 7+iQ`Bx2b BM i2`Kb Q7 i`+2b Qp2` i?2 Q++mTiBQM
MmK#2`b nα,0 =0 ,1 Q7 2B;2Mbii2b,
trF
 
eX0 
=t r F
 
e
 
α ωα,0nα,0
 
=
 
α
 
nα,0=0,1
e
 
α ωα,0nα,0 =
 
α
(1 + eωα,0). U*X3V
L2ti r2 mb2 i?2 7+i i?i (1 + eωα,0) `2 i?2 2B;2MpHm2b Q7 i?2 bBM;H2@T`iB+H2 QT2`iQ`
1+exp(X0,sp)- r?2`2 X0,sp Bb i?2 T`QD2+iBQM Q7 X0 BMiQ >BH#2`i bT+2X Uq2 /2}M2 X1,sp
M/ X2,sp MHQ;QmbHvVX 6m`i?2`KQ`2- i?2 T`Q/m+i Q7 M QT2`iQ`Ƕb 2B;2MpHm2b Bb Bib
/2i2`KBMMi- bQ r2 ?p2
trF
 
eX0 
=
 
α
(1 + eωα,0)=d e t
 
1+eX0,sp 
. U*XNV
P7 i?2 irQ /BbiBM+i MmK2`iQ`b BM 1[miBQM U*X8V i?2 bBKTH2` QM2- r?B+? ?b MQ
BMD2+i2/ 2H2+i`QM- 7QHHQrb HKQbi BKK2/Bi2Hv 7`QK1[miBQM U*XNV,
trF
 
eX1eX0 
=t r F
 
eX2 
=d e t
 
1+eX2,sp 
=d e t
 
1+eX1,speX0,sp 
U*XRyV
LQi2 i?i r2 M2p2` ?p2 iQ ;Q i?`Qm;? i?2 2t2`+Bb2 BM +QKKmiiQ` H;2#` iQ Q#iBM
X2 2tTHB+BiHvX HH r2 M22/2/ rb i?i Bi Bb [m/`iB+X
hQ +H+mHi2 i?2 Hbi M/ KQbi /B{+mHi i`+2- r2 ;BM rMi iQ r`Bi2 Bi b  T`Q/m+i
Q7 i`+2b Qp2` Q++mTiBQM MmK#2`b y M/ RX h?Bb K2Mb i?i r2 rBb? iQ Tmi i?2 d M/
d† M2ti iQ QM2 MQi?2` iQ 7Q`K  MmK#2` QT2`iQ` nX q2 mb2 i?2 +v+HB+ T`QT2`iv Q7 i?2
RRei`+2 iQ Tmi dj iQ i?2 `B;?i Q7 d
†
j M/ brBi+? iQ  #bBb BM r?B+? X0 Bb /B;QMH, ,
trF
 
djeX1d
†
jeX0
 
=t r F
 
eX1d
†
jeX0dj
 
=
 
α,α′
⟨j|α,0⟩trF
 
eX1d
†
α′,0eX0dα,0
 
⟨α′,0|j⟩.
U*XRRV
AM i?Bb #bBb r2 Kv 2tTHQBi i?2 +QKKmiiQ` d
†
α,0eX0 = eX0d
†
α,0e−ωα,0 iQ ;2i
trF
 
djeX1d
†
jeX0
 
=
 
α,α′
⟨j|α,0⟩trF
 
eX1eX0d
†
α′,0dα,0
 
e−ωα′,0⟨α′,0|j⟩ U*XRkV
L2ti r2 rBb? iQ +QK#BM2 eX1 M/ eX0 b eX2 M/ mb2 1[miBQM U*XdV rBi? i =0 ,j=2
iQ brBi+? iQ i?2 2B;2M#bBb Q7 X2X q2 }`bi M22/ iQ `2KQp2 i?2 7+iQ` e−ωα′,0 pB
e−ωα′,0⟨α′,0| = ⟨α′,0|e−X0,sp. U*XRjV
"v 1[miBQMb U*XdV M/ U*XRjV- 1[miBQM U*XRkV #2+QK2b
trF
 
djeX1d
†
jeX0
 
=
 
β,β′
⟨j|β,2⟩trF
 
eX2d
†
β′,2dβ,2
 
⟨β′,2|e−X0,sp|j⟩
=
 
β
⟨j|β,2⟩trF
 
e
 
ωγ,2nγ,2nβ,2
 
⟨β,2|e−X0,sp|j⟩. U*XR9V
q2 mb2/ i?2 7+i i?i β ̸= β′ Bb Tm`2Hv Qz@/B;QMH M/ ?b pMBb?BM; i`+2X q2
2pHmi2 i?2 i`+2 BM 1[miBQM U*XR9V i?2 bK2 rv b 1[miBQM U*X3V- rBi? i?2 bHB;?i
RRd+QKTHB+iBQM i?i r2 Kmbi /BbiBM;mBb? i?2 +b2 γ = β M/ γ ̸= β,
trF
 
e
 
ωγ,2nγ,2nβ,2
 
=
 
nβ,2=0,1
eωβ,2nβ,2nβ,2
 
γ̸=β
 
nγ,2=0,1
eωγ,2nγ,2
=eωβ,2
 
γ̸=β
(1 + eωγ,2)=
eωβ,2
1+eωβ,2
 
γ
(1 + eωγ,2)
=
eωβ,2
1+eωβ,2 det
 
1+eX2,sp 
. U*XR8V
q?2M r2 bm#biBimi2 1[miBQM U*XR8V #+F BMiQ 1[miBQM U*XR9V- r2 ;BM mb2 i?2 i`B+F
Q7 `2TH+BM;  b+H` #v M QT2`iQ`-
eωβ,2
1+eωβ,2 ⟨β,2| = ⟨β,2|
eX2,sp
1+eX2,sp , U*XReV
iQ Q#iBM
trF
 
djeX1d
†
jeX0
 
=det
 
1+eX2,sp  
β
⟨j|β,2⟩⟨β,2|
eX2,sp
1+eX2,spe−X0,sp|j⟩
=det
 
1+eX2,sp 
⟨j|
eX2,sp
1+eX2,spe−X0,sp|j⟩ U*XRdV
*QK#BMBM; 1[miBQMb U*XNV- U*XRyV- M/ U*XRdV- r2 ?p2
A =
det2  
1+eX1,speX0,sp 
det2  
1+eX0,sp  ⟨j|
eX1,speX0,spe−X0,sp
1+eX1,speX0,sp |j⟩
=det
 
1+eX1,speX0,sp
1+eX0,sp
 2
⟨j|
eX1,sp
1+eX1,speX0,sp |j⟩ U*XR3V
LQr /2}M2 N ≡ eX0,sp/(1+eX0,sp),e X0,sp = N/(1−N)- i?2 K2MBM; Q7 r?B+? Bb +H2`
RR3r?2M X0 = −βH0X am#biBimiBM; N 7Q` eX0,sp- r2 Q#iBM
A =det
 
(1 − N)+eX1,spN
 2
 
N
1 − N
+ e−X1,sp
 −1
jj
=det
 
(1 − N)+e−itH1,spN
 2
 
N
1 − N
+ eitH1,sp
 −1
jj
. U*XRNV
q2 ?p2 `2/m+2/ i?2 2tT`2bbBQM iQ QM2 BMpQHpBM; QT2`iBQMb QM Ki`B+2b BM bBM;H2@T`iB+H2
>BH#2`i bT+2X
RRND
.2`BpiBQM Q7 .B`2+i _Asa 6Q`KmH
>2`2 r2 /2`Bp2 BM 7mHH /2iBH 1[X UeV Q7 i?2 TT2`- 2ti2M/BM;  K2i?Q/ mb2/ BM _27bX (k)
M/ (Rk)X
h?2 p2`;2b Smn i }MBi2 i2KT2`im`2b ?p2 i?2 7Q`K
Smn
ρσµν =t r
 
eiHτdpe−iHnτd†
qeiHsdr ......e iHmtd†
se−iH(t+s)−βH
 
/tr
 
e−βH
 
, U.XRV
Rkyr?2`2 p,q,r,s `2 +QK#BM2/ bBi2 M/ bTBM BM/B+2b BM  bTBM@qMMB2` #bBb- 2;X |r⟩ =
|m,µ⟩ BM 1[X 8XeX 6`QK i?2 B/2MiBiv treX =d e t ( 1+ex)- i?2 /2MQKBMiQ` Q7 1[X U.XRV
Bb det(1 + e−βh)X q2 /2}M2 X1 =( i(τ − t − s) − β)H0- X2 = iHmt- X3 = iH0s-
X4 = −iHnτ M/ mb2 i?2 +v+HB+Biv T`QT2`iv iQ 2tT`2bb i?2 MmK2`iQ` N b N =
tr
 
dpeX4d
†
qeX3dreX2d
†
seX1
 
X arBi+?BM; iQ M `#Bi``v #bBb Q7 bTBM@Q`#BiHb- rBi? BK@
THB+Bi bmKKiBQM Qp2` :`22F BM/B+2b- ;Bp2b
N = ⟨p|α⟩⟨β|q⟩⟨r|γ⟩⟨δ|s⟩tr
 
dαeX4d
†
βeX3dγeX2d
†
δeX1
 
. U.XkV
q2 KQp2 HH d/d† iQ i?2 H27i b 7QHHQrbX *?QQb2 β iQ #2 2B;2Mbii2b Q7 X4 rBi? 2B;2MpHm2b
ωβX h?2M ⟨β|..eX4d
†
β = ⟨β|..eωβd
†
βeX4 = ⟨β|eX4..d
†
βeX4X 7i2` #bQ`#BM; i?2 +@MmK#2`
eωβ b ⟨β|eX4- i?2 #bBb β Bb ;BM `#Bi``vX h?2 ;2M2`H Tii2`M Bb iQ +QKKmi2 d
†
δ rBi?
eX pB ⟨δ|→⟨ δ|eX M/ +QKKmi2 dγ rBi? eX pB |γ⟩→e−X|γ⟩X am++2bbBp2 TTHB+iBQMb
vB2H/
N =⟨p|α⟩⟨β|eX4|q⟩⟨r|e−X3e−X4|γ⟩⟨δ|eX4eX3eX2|s⟩tr
 
dαd
†
βdγd
†
δeZ
 
, U.XjV
r?2`2 Z Bb  [m/`iB+ QT2`iQ` bm+? i?i eZ = eX4eX3eX2eX1 r?Qb2 2tBbi2M+2 Bb ;m`@
Mi22/ #v i?2 "F2`@*KT#2HH@>mbb/Q`z H2KKX A7 i?2`2 r2`2 MQ d/d† BMb2`iBQMb
r2 rQmH/ 2pHmi2 i?2 i`+2 BM M 2B;2M#bBb Z|φ⟩ = ωφ|φ⟩- BM r?B+? Bi 7+iQ`Bx2b b
treZ =
 
φ
 
nφ=0,1 enφωφ =
 
φ(1 + eωφ)=d e t ( 1+ez)X LQr +?QQb2 α,β,γ,δ iQ #2
2B;2Mbii2b Q7 Z rBi? 2B;2MpHm2b ωα 2i+X h?2 i`+2 pMBb?2b mMH2bb i?2 d/d† Ki+?
TB`rBb2X 6Q` 2tKTH2- B7 α = β ̸= γ = δ r2 ?p2 tr
 
(1 − nα)(1 − nγ)eZ 
X h?Bb Bb
B/2MiB+H iQ treZ 2t+2Ti i?2 7+iQ` (1 + eωα) Bb `2TH+2/ #v
 
nα=0,1(1 − nα)enαωα =1 -
M/ bBKBH`Hv 7Q` γ ;BpBM; (1 + eωα)−1(1 + eωγ)−1 det(1 + ez)X AM+Hm/BM; i?2 Qi?2` +b2b
RkRα = δ ̸= β = γ M/ α = β = γ = δ r2 ;2i
tr
 
dαd
†
βdγd
†
δeZ
 
=
 
δαβδγδδβγ(1 + eωα)−1 + δαδδβγ(1 − δαβ)(1 + eωα)−1eωβ(1 + eωβ)−1
+ δαβδγδ(1 − δαγ)(1 + eωα)−1(1 + eωγ)−1 
det(1 + eZ)
=d e t ( 1+eZ)
 
δαδδβγ(1 + eωα)−1eωβ(1 + eωβ)−1 + δαβδγδ(1 + eωα)−1(1 + eωγ)−1 
.
U.X9V
L2ti- r2 #bQ`# i?2 +@MmK#2`b BM 1[X .X9 b QT2`iQ`b pB |α⟩..(1 + eωα)−1 =( 1+
eZ)−1|α⟩ M/ TTHv i?2 E`QM2+F2` δǶb pB 2;X ⟨p|..|α⟩⟨β|..|q⟩δαβ = ⟨p|..|q⟩- Q#iBMBM;
Spqrs =
det(1 + eZ)
det(1 + e−βH0)
×
 
⟨p|(1 + ex5)−1ex4|q⟩⟨ r|e−x3e−x4(1 + ex5)−1ex4ex3ex2|s⟩
+ ⟨p|(1 + ex5)−1ex4ex3ex2|s⟩⟨ r|e−x3e−x4ex6(1 + ex5)−1ex4|q⟩
 
U.X8V
1[X U.X8V #2+QK2b KQ`2 T?vbB+H mTQM BMi`Q/m+BM; Umn = ex4ex3ex2 = e−ihnτeihseihmt
M/ U0 = ei(τ−t−s)h- r?B+? `2 E2H/vb? T`QT;iQ`b rBi? M/ rBi?Qmi +Q`2 ?QH2bX //B@
iBQMHHv- r2 `2r`Bi2 e−βh0 = N/(1−N) BM i2`Kb Q7 Q++mTiBQM QT2`iQ`bX h?2M r2 ?p2
(1+ex5)−1 =( 1−N)(1−N +UmnU0N)−1 =( 1−N)F−1- r?2`2 F =1−N +UmnU0N
;Bp2b i?2 Qp2`HT Q7 +Q`2@?QH2 M/ +Q`2@?QH2@H2bb T`QT;iBQM Q7 BMBiBHHv Q++mTB2/ bii2bX
h?2 `iBQ Q7 /2i2`KBMMib +QK2b Qmi iQ det(1 + ez)/det(1 + e−βh)=d e t ( F) M/ r2
Q#iBM- 7i2` `2biQ`BM; p = n,ρ;q = n,σ;r = m,µ;s = m,ν-
Smn
ρσµν =d e t ( F)
 
⟨nρ|(1 − N)F−1e−ihnτ|nσ⟩⟨ mµ|e−ihseihnτ(1 − N)F−1Umn|mν⟩
+ ⟨nρ|(1 − N)F−1Umn|mν⟩⟨ mµ|eihmtU0NF−1e−ihnτ|nσ⟩
 
. U.XeV
aQ 7` i?Bb HH T2`iBMb iQ i?2 7mHH >BH#2`i bT+2 Q7 bTBM@Q`#BiHbX A7 H +QMiBMb MQ bTBM@
Rkk~BT i2`Kb Smn
ρσµν bBKTHB}2bX h?2 62`KB b2 i2`K detF 7+iQ`Bx2b b detF↑ detF↓X aTBM
~BT T`Q+2bb2b ?p2 σ =¯ ρ M/ µ =¯ ν- r?2M+2 i?2 i2`K ⟨nρ|...|nσ⟩ pMBb?2bX h?mb HH
Ki`B+2b M22/ T2`iBM QMHv iQ bTBMH2bb >BH#2`i bT+2- MQi i?2 bTBM@/Qm#H2/ >BH#2`i bT+2X
Scons
mn =d e t ( F↑F↓)
 
σ
⟨n|(1 − N¯ σ)F−1
¯ σ U ¯ σ
mn|m⟩⟨m|eiHσ
mtUσ
0 NσF−1
σ e−iHσ
nτ|n⟩ U.XdV
7Q` i?2 MQM@bTBM@~BT BMi2MbBiv M/
Sﬂip
mn =d e t ( F↑F↓)
 
 
σ
⟨n|(1 − Nσ)F−1
σ Uσ
mn|m⟩⟨ m|eiHσ
mtUσ
0 NσF−1
σ e−iHσ
nτ|n⟩
+
 
σ,σ′
⟨n|(1 − Nσ′)F−1
σ′ e−iHσ′
n τ|n⟩⟨ m|eiHσ
mtUσ
0 NσF−1
σ e−iHσ
nτ|m⟩
 
U.X3V
7Q` i?2 bTBM@+QMb2`pBM; BMi2MbBivX h?2b2 7Q`KmH bm{+2 iQ ?M/H2 >KBHiQMBMb rBi? MQ
bTBM@~BT BMi2`+iBQMb #mi BM r?B+? i?2`2 Bb  bTBM@/2T2M/2Mi 2ti2`MH TQi2MiBHX A7 H0 Bb
2MiB`2Hv bTBM@BM/2T2M/2Mi i?2 bmKb
 
σ M/
 
σ,σ′ `2/m+2 iQ 7+iQ`b Q7 k M/ 9X
RkjE
1tTHB+Bi .2`BpiBQM Q7 aTBM@P`#Bi 1z2+ib
>2`2 r2 T`QpB/2 M 2tTHB+Bi /2`BpiBQM Q7 i?2 b2T`iBQM Q7 _Asa b+ii2`2/ BMi2MbBiv BMiQ
bTBM@~BT M/ bTBM@+QMb2`pBM; +?MM2Hb /m2 iQ bTBM@Q`#Bi +QmTHBM;  i?2 2p +Q`2 ?QH2X 6Q`
2`HB2` /Bb+mbbBQMb b22 _27bX (d)- (3)- M/ (98)X q2 +H+mHi2 i?2 TQH`BxiBQM /2T2M/2M+2
Q7 i?2 irQ +?MM2Hb M/ p2`B7v i?i 2tT2`BK2Mib rBi? ;`xBM;@2tBi ;2QK2i`v zQ`/ 
p2`v +H2M b2T`iBQMX AM /QBM; bQ- r2 DmbiB7v i?2 7Q`K Q7 /BTQH2 i`MbBiBQM QT2`iQ`b
T/T† /Bb+mbb2/ BM i?2 i2tiX
Rk9AM i?2 2H2+i`B+ /BTQH2 TT`QtBKiBQM- Ki`Bt 2H2K2Mib 7Q` HB;?i Q7 TQH`BxiBQM ˆ ε iQ
+mb2 M 2H2+i`QMB+ i`MbBiBQM 7`QK bii2 |ψi,σ i⟩ iQ |ψf,σ f⟩ Bb
ˆ ε ·⟨ ψf|r|ψi⟩δσi,σf. U1XRV
i i?2 +mT`i2 L3 2/;2 r2 `2 BMi2`2bi2/ BM |ψi⟩ = |2p;m = −1,0,1⟩ M/ |ψf⟩ =
|3dx2−y2⟩X .BTQH2 Ki`Bt 2H2K2Mib `2 KQbi 2bBHv 2pHmi2/ BM i?2 {px,p y,p z} #bBb-
r?2`2 #v #bB+ T`Biv +QMbB/2`iBQMb r2 +M 2bBHv b22 i?i i?2 QMHv MQM@x2`Q Ki`Bt
2H2K2Mib `2
⟨3dx2−y2|x|2px⟩ = −⟨3dx2−y2|y|2py⟩. U1XkV
q2 brBi+? 7`QK i?2 |2px,y,z⟩ #bBb iQ i?2 |mℓ = −1,0,1⟩ #bBb pB
|mℓ =0 ⟩ = |2pz⟩, |mℓ = ±1⟩ =
1
√
2
(|2px⟩±i|2py⟩) U1XjV
iQ Q#iBM i?2 /BTQH2 Ki`Bt 2H2K2Mib UmT iQ M Qp2`HH KmHiBTHB+iBp2 +QMbiMiV
ˆ ηm ≡⟨ 3dx2−y2|r|2pm⟩ =
⎧
⎪ ⎨
⎪ ⎩
0 (m = 0)
1 √
2 (ˆ x ∓ iˆ y)( m = ±1)
U1X9V
hQ BM+Hm/2 i?2 bTBM@Q`#Bi 2z2+i- r2 Kmbi #2 #H2 iQ i`MbHi2 #2ir22M i?2 #bBb |mℓ =
−1,0,1;σ = ↑,↓⟩- r?B+? Bb KQbi +QMp2MB2Mi 7Q` 2tT`2bbBM; /BTQH2 Ki`Bt 2H2K2Mib- iQ
i?2 #bBb |j,mj⟩ Q7 iQiH M;mH` KQK2MimK M/ 2M2`;v 2B;2Mbii2bX 6`QK  *H2#b+?@
Rk8:Q`/M i#H2 r2 }M/
|3/2,3/2⟩ = |1,↑⟩ U1X8V
|3/2,1/2⟩ =
 
1/3|1,↓⟩ +
 
2/3|0,↑⟩ U1XeV
|3/2,−1/2⟩ =
 
2/3|0,↓⟩ +
 
1/3|−1,↑⟩ U1XdV
|3/2,−3/2⟩ = |−1,↓⟩. U1X3V
q2 BMp2`i i?Bb M/ /`QT i2`Kb 7`QK i?2 |j =1 /2⟩ bm#bT+2- r?B+? `2 Qz `2bQMM+2
#v ∼ ky 2o i i?2 L3 2/;2X h?Bb QKBbbBQM Q7 |j =1 /2⟩ i2`Kb #`2Fb bTBM `QiiBQMH
bvKK2i`v M/ HHQrb 7Q` bTBM@~BT _AsaX q2 }M/ 7Q` i?2 |mℓ = ±1⟩ bii2b Ub b22M
#Qp2- |mℓ =0 ⟩ ?b pMBb?BM; Ki`Bt 2H2K2MibV
|1,↑⟩ = |3/2,3/2⟩ U1XNV
|1,↓⟩ =
 
1/3|3/2,1/2⟩ U1XRyV
|−1,↑⟩ =
 
1/3|3/2,−1/2⟩ U1XRRV
|−1,↓⟩ = |3/2,−3/2⟩ U1XRkV
h?2 E`K2`b@>2Bb2M#2`; KTHBim/2 7Q` BMBiBH bii2 |i⟩ M/ }MH bii2 |f⟩ Bb
Ai→f =
 
n
⟨f|Tf|n⟩⟨n|T
†
i |n⟩
ω − En + iΓ
= ⟨f|TfGT
†
i |i⟩, U1XRjV
r?2`2 T
†
i M/ Tf `2 #bQ`TiBQM M/ 2KBbbBQM /BTQH2 i`MbBiBQM QT2`iQ`b M/ G ≡
(ω − H + iΓ)−1 Bb i?2 BMi2`K2/Bi2 bii2 :`22M 7mM+iBQMX h?2 i`MbBiBQM QT2`iQ`b `2
Q#iBM2/ #v //BM; /BTQH2 #bQ`TiBQMf2KBbbBQM 2p2Mib 7Q` HH TQbbB#H2 σ- mℓ- M/ +Q`2
Rke?QH2 bBi2b R,
T
†
i =
 
R,m,σ
e−iqi·Rˆ εi · ˆ ηmd
†
R,σpR,σ,m U1XR9V
Tf =
 
R,m,σ
eiqf·Rˆ ε∗
f · ˆ η∗
mp
†
R,σ,mdR,σ, U1XR8V
r?2`2 ˆ εi(f) M/ qi(f) `2 BM+B/2Mi U}MHV TQH`BxiBQMb M/ T?QiQM KQK2MiX q`BiBM;
i?Bb BM i2`Kb Q7 bTBM@Q`#Bi 2B;2Mbii2b M/ /`QTTBM; Qz@`2bQMM+2 |j =1 /2⟩ i2`Kb b
b?QrM #Qp2 ;Bp2b
T
†
i =
 
R
e−iqi·Rˆ εi
 
ˆ η1
 
d
†
R,↑pR,mj=3/2 +
 
1/3d
†
R,↓pR,mj=1/2
 
+ˆ η−1
 
d
†
R,↓pR,mj=−3/2 +
 
1/3d
†
R,↑pR,mj=−1/2
  
U1XReV
Tf =
 
R
eiqf·Rˆ ε∗
f
 
ˆ η∗
1
 
d
†
R,↑pR,mj=3/2 +
 
1/3d
†
R,↓pR,mj=1/2
 
+ˆ η∗
−1
 
d
†
R,↓pR,mj=−3/2 +
 
1/3d
†
R,↑pR,mj=−1/2
  
. U1XRdV
6BMHHv- bBM+2 i?2 bTBM Q`#Bi bii2b H#2HH2/ #v {R,j,m j} `2 2B;2Mbii2b Q7 H- 2+? i2`K
BM T
†
i Kmbi #2 Ki+?2/ rBi? i?2 +Q``2bTQM/BM; i2`K BM TfX h?i Bb- i?2 QMHv i2`Kb
BM TfGT
†
i i?i ;Bp2  MQM@pMBb?BM; +QMi`B#miBQM iQ i?2 E`K2`b@>2Bb2M#2`; Ki`Bt
2H2K2Mi `2 i?Qb2 BM r?B+? Tf M/ T
†
i +``v i?2 bK2 [mMimK MmK#2`b R- j Ur?B+? r2
?p2 H`2/v 2M7Q`+2/ #v T`QD2+iBM; BMiQ  bBM;H2 `2bQMMi bm#bT+2V- M/ mjX h?mb r2
Q#iBM
Ai→f =
 
R
ei∆q·Rχα,β⟨f|dR,αGd
†
R,β|i⟩, U1XR3V
Rkdr?2`2
χ↑,↑ = χ∗
↓,↓ =( ˆ εf · ˆ η1)∗(ˆ εi · ˆ η1)+( 1 /3)( ˆ εf · ˆ η−1)∗(ˆ εi · ˆ η−1) U1XRNV
χ↑,↓ = χ↓,↑ =0. U1XkyV
h?i χ↑,↑ = χ∗
↓,↓ 7QHHQrb 7`QK ˆ η1 =ˆ η∗
−1X
hQ b2T`i2 i?2 bTBM M/ +?`;2 +?MM2Hb- r2 /2+QKTQb2 χ BMiQ bvKK2i`B+ M/ MiB@
bvKK2i`B+ T`ib, χ = χS + χA- r?2`2
χS =(χ + χ∗)/2 U1XkRV
χA =(χ − χ∗)/2. U1XkkV
h?2M- BM i?2 #bBb Q7 ˆ Sz 2B;2Mbii2b |↑,↓⟩- r?2`2 ˆ z Bb T2`T2M/B+mH` iQ i?2 +QTT2`@QtB/2
THM2- r2 ?p2
(χS)↑,↑ =( χS)↓,↓ =(2/3)
 
ˆ ε∗
f · ˆ εi − ε∗
f,zεi,z
 
≡ χS U1XkjV
(χA)↑,↑ = −(χA)↓,↓ = − (i/3)ˆ ε∗
f · (ˆ z × ˆ εi) ≡ χA U1Xk9V
qBi? `2bT2+i iQ i?2 #bBb Q7 2B;2Mbii2b Q7 ˆ Sx- Q#iBM2/ pB i?2 i`Mb7Q`KiBQMb |↑⟩ →
(1/
√
2)(|↑⟩ + |↓⟩) M/ |↓⟩ → (1/
√
2)(|↑⟩ − |↓⟩)- i?2 bvKK2i`B+ KTHBim/2 i`Mb7Q`Kb
i`BpBHHv,
χSd↑Gd
†
↑ + χSd↓Gd
†
↓ → χS
 
d↑Gd
†
↑ + d↓Gd
†
↓
 
. U1Xk8V
M BbQi`QTB+ +QMi`B#miBQM +MǶi `2T`2b2Mi  bTBM ~BT BM Mv #bBbX h?2 MiBbvKK2i`B+
Rk3+QMi`B#miBQM- ?Qr2p2`- i`Mb7Q`Kb b
χAd↑Gd
†
↑ − χAd↓Gd
†
↓ → χA
 
d↑Gd
†
↓ + d↓Gd
†
↑
 
, U1XkeV
 Tm`2 bTBM ~BT BM i?2 #bBb Q`B2Mi2/ T`HH2H iQ i?2 +QTT2`@QtB/2 THM2bX LQr r2 M22/
iQ +QKT`2 i?2 T`27+iQ`b |χS(A)|2 iQ Q#iBM i?2 `2HiBp2 BMi2MbBiB2b Q7 bTBM@~BT M/
MQM@bTBM@~BT b+ii2`BM; T`Q+2bb2bX
6Q` 2tT2`BK2MiH ;2QK2i`v r?2`2 BM+B/2Mi M/ b+ii2`2/ `/BiBQM KF2 M;H2b φ1
M/ φ2 rBi? ˆ z TQH`BxiBQM p2+iQ`b `2 ˆ εi =ˆ εf =ˆ y 7Q` σ TQH`BxiBQM UqGP:V M/
ˆ εi = cosφ1ˆ x +s i nφ1ˆ z- ˆ εf = cosφ2ˆ x +s i nφ2ˆ z 7Q` π TQH`BxiBQMX h?2M r2 +M +H+mHi2
χS M/ χA 7Q` HH TB`b Q7 BM+B/2Mi M/ 2KBii2/ TQH`BxiBQMb,
ˆ εi ˆ εf χS χA
σσ 2/3 0
σπ 0 (i/3)cosφ2
ππ(2/3)cosφ1 cosφ2 0
πσ 0 −(i/3)cosφ1
U1XkdV
6Q` mMTQH`Bx2/ b+ii2`2/ `/BiBQM r2 p2`;2 BMi2MbBiv Qp2` b+ii2`2/ TQH`BxiBQMb,
ˆ εi
 
|χS|2   
|χA|2 
σ 2/9 (1/18)cos2 φ2
π (2/9)cos2 φ1 cos2 φ2 (1/18)cos2 φ1
U1Xk3V
6Q`imMi2Hv- i?2 T`27+iQ`b |χS(ˆ εi, ˆ εf)|2 M/ |χA(ˆ εi, ˆ εf)|2 /2T2M/ QMHv QM i?2 TQH`Bx@
iBQMb M/ b bm+? /Q MQi z2+i i?2 HBM2b?T2 Q7 BMi2MbBiv pbX KQK2MimK i`Mb72` M/
2M2`;v i`Mb72`X h?2 QMHv 2z2+i Q7 i?2 2tT2`BK2MiH ;2QK2i`v Bb iQ /Dmbi M Qp2`HH
RkN`iBQ #2ir22M bTBM@~BT M/ MQM@bTBM@~BT BMi2MbBiB2bX h?Bb K2Mb i?i r2 +M r`Bi2
Itotal
σ =|χS,σ|2INSF + |χA,σ|2ISF U1XkNV
Itotal
π =|χS,π|2INSF + |χA,π|2ISF. U1XjyV
1p2M rBi?Qmi `2bQHpBM; i?2 TQH`BxiBQM Q7 b+ii2`2/ `/BiBQM- i?2 +?`;2 M/ bTBM
+?MM2Hb +M- BM T`BM+BTH2- #2 b2T`i2/ #v bQHpBM;  2 × 2 HBM2` 2[miBQMX A/2HHv-
?Qr2p2`- QM2 +QmH/ bBKTHv +?QQb2 ;2QK2i`B2b r?2`2
 
|χS|2 
Bb Km+? H`;2` i?M
 
|χA|2 
M/ pB+2 p2`bX
q2 +QMbB/2` i?2 2tT2`BK2Mib Q7 _27bX (ke) M/ (e9)- rBi? ;`xBM; 2tBi ;2QK2i`vX 6Q`
+QM+`2i2M2bb r2 mb2 pHm2b 7`QK _27Xke, φi = −25.6◦ M/ φf = 76.6◦ Ui?2 KBMmb bB;M
/2MQi2b i?i BM+B/2Mi M/ b+ii2`2/ `/BiBQM `2 QM i?2 bK2 bB/2 Q7 i?2 MQ`KH BM i?2
b+ii2`BM; THM2VX 6Q` i?Bb ;2QK2i`v- p2`;BM; Qp2` }MH bii2b r2 ;2i
ˆ εi
 
|χS|2  
|χA|2 
σ 0.22 0.003
π 0.010 0.045
. U1XjRV
h?mb i?2 irQ TQH`BxiBQMb Q7 BM+B/2Mi `/BiBQM BM M 2tT2`BK2Mi rBi? ;`xBM; 2tBi
;2QK2i`v Qz2`  7B`Hv +H2M b2T`iBQM #2ir22M bTBM@~BT M/ bTBM@+QMb2`pBM; +`Qbb b2+@
iBQMbX
Rjy_272`2M+2b
(R) #MBM- .X  G2pBiQp- GX Ukyy9VX hmM#H2 62`KB@1/;2 _2bQMM+2 BM M PT2M
ZmMimK .QiX S?vbB+H _2pB2r G2ii2`b- NjURkV- Rke3ykX
(k) #MBM- .X  G2pBiQp- GX Ukyy8VX 62`KB@1/;2 _2bQMM+2 M/ hmMM2HBM; BM
LQM2[mBHB#`BmK 1H2+i`QM :bX S?vbB+H _2pB2r G2ii2`b- N9UR3V- R3e3yjX
(j) ##KQMi2- SX- "HmK#2`;- :X- _mbv/B- X- :Qx`- X- 1pMb- SX :X- aB2;`Bbi- hX-
o2M2K- GX- 1BbFB- >X- Ab+b- 1X .X-  arixFv- :X X Ukyy9VX *`vbiHHBxiBQM
Q7 +?`;2 ?QH2b BM i?2 bTBM H//2` Q7 a`14*m24P41X Lim`2- 9jRUdyRkV- Ryd3Ĝ3RX
(9) ##KQMi2- SX- .2KH2`- 1X- .pBb- CX *X aX- *KTmxMQ- CX@*X-  aûKmb .pBb-
CX UkyRRVX _2bQMMi bQ7i s@`v b+ii2`BM;- bi`BT2 Q`/2`- M/ i?2 2H2+i`QM bT2+i`H
7mM+iBQM BM +mT`i2bX S?vbB+ *, amT2`+QM/m+iBpBiv- 93RU8V- R8ĜkkX
(8) ##KQMi2- SX- _mbv/B- X- aK/B+B- aX- :m- :X .X- arixFv- :X X-  62M;-
.X GX Ukyy8VX aTiBHHv KQ/mHi2/ ǶJQiiM2bbǶ BM G2−x"x*mP4X Lim`2 S?vbB+b-
RUjV- R88ĜR83X
(e) ##KQMi2- SX- o2M2K- GX- _mbv/B- X- arixFv- :X X- GQ;p2MQp- :X-  "Q@
xQpB+- AX UkyykVX  bi`m+im`H T`Q#2 Q7 i?2 /QT2/ ?QH2b BM +mT`i2 bmT2`+QM/m+iQ`bX
a+B2M+2 UL2r uQ`F- LXuXV- kNdU883RV- 83RĜ9X
(d) K2Mi- GX- :?B`BM;?2HHB- :X- aH- JX- "`B+QpB+?- GX-  pM /2M "`BMF- CX UkyyNVX
h?2Q`2iB+H .2KQMbi`iBQM Q7 >Qr i?2 .BbT2`bBQM Q7 J;M2iB+ 1t+BiiBQMb BM
*mT`i2 *QKTQmM/b +M #2 .2i2`KBM2/ lbBM; _2bQMMi AM2HbiB+ s@_v a+i@
i2`BM;X S?vbB+H _2pB2r G2ii2`b- RyjURRV- RRdyyjX
(3) K2Mi- GX- pM o22M2M/H- JX- .2p2`2mt- hX- >BHH- CX-  pM /2M "`BMF- CX
UkyRRVX _2bQMMi BM2HbiB+ t@`v b+ii2`BM; bim/B2b Q7 2H2K2Mi`v 2t+BiiBQMbX _2@
pB2rb Q7 JQ/2`M S?vbB+b- 3jUkV- dy8ĜdedX
(N) M/2`b2M- PX- GB2+?i2Mbi2BM- X- _Q/`B;m2x- PX- JxBM- AX- C2Tb2M- PX- Mi`QTQp-
oX- :mMM`bbQM- PX-  :QTHM- aX URNNRVX 1H2+i`QMb- T?QMQMb- M/ i?2B` BMi2`@
+iBQM BM u"2*m3P7X S?vbB+ *, amT2`+QM/m+iBpBiv- R38@R3NUMmHHV- R9dĜR88X
RjR(Ry) M/2`bQM- SX URNedVX AM7``2/ *ibi`QT?2 BM 62`KB :b2b rBi? GQ+H a+ii2`BM;
SQi2MiBHbX S?vbB+H _2pB2r G2ii2`b- R3Uk9V- Ry9NĜRy8RX
(RR) "2`BbrvH- .X- 1B+?2M#2`;2`- .X-  J2Mi2b?b?pBHB- JX UkyyNVX o`BiBQMH ;`QmM/
bii2b Q7 i?2 irQ@/BK2MbBQMH >m##`/ KQ/2HX L2r CQm`MH Q7 S?vbB+b- RRUdV-
yd8yRyX
(Rk) "2MDKBM- .X- #MBM- .X- ##KQMi2- SX-  .2KH2`- 1X UkyRjVX JB+`Qb+QTB+
h?2Q`v Q7 _2bQMMi aQ7i@s@_v a+ii2`BM; BM Ji2`BHb rBi? *?`;2 P`/2`, h?2
1tKTH2 Q7 *?`;2 ai`BT2b BM >B;?@h2KT2`im`2 *mT`i2 amT2`+QM/m+iQ`bX S?vb@
B+H _2pB2r G2ii2`b- RRyURjV- RjdyykX
(Rj) "2MDKBM- .X- EHB+?- AX-  .2KH2`- 1X UkyR9VX aBM;H2@"M/ JQ/2H Q7 _2bQMMi AM@
2HbiB+ s@_v a+ii2`BM; #v ZmbBT`iB+H2b BM >B;?@hc *mT`i2bX S?vbB+H _2pB2r
G2ii2`b- RRkUk9V- k9dyykX
(R9) "2`;- 1X- 6`/FBM- 1X- EBp2HbQM- aX X-  h`M[m/- CX JX UkyyNVX ai`BT2/
bmT2`+QM/m+iQ`b, ?Qr bTBM- +?`;2 M/ bmT2`+QM/m+iBM; Q`/2`b BMi2`irBM2 BM i?2
+mT`i2bX L2r CQm`MH Q7 S?vbB+b- RRURRV- RR8yy9X
(R8) "2bi- hX- qBHH- aX- a+?M2B/2`- lX- >+F2`KɃHH2`- GX- pM PQbi2M- .X- "HQ+?- AX- 
GɃ?KMM- .X@aX UkyyNVX _QH2 Q7 AMi2`+iBQMb BM 87_#@40E "Qb2@62`KB JBtim`2b BM
 j. PTiB+H GiiB+2X S?vbX _2pX G2iiX- RykUjV- jy9y3X
(Re) "Q;QHm#Qp- LX LX  C`- LX LX "X UkyyNVX AMi`Q/m+iBQM iQ ZmMimK aiiBbiB+H
J2+?MB+bX qQ`H/ a+B2MiB}+ Sm#HBb?BM; *QKTMvX
(Rd) "mQMbMi2- SX- :BKTQHQ- aX JX- AHHmKBMiB- 6X- S2MM- oX-  o2xxMB- X Ukyy3VX
JBtim`2b Q7 ai`QM;Hv AMi2`+iBM; "QbQMb BM PTiB+H GiiB+2bX S?vbX _2pX G2iiX-
RyyUk9V- k9y9ykX
(R3) *KTmxMQ- CX *X- LQ`KM- JX _X-  _M/2`B- JX Ukyy9VX S?vbB+b Q7 amT2`+QM@
/m+iQ`b oQHX AAX aT`BM;2`X
(RN) *TQ;`QbbQ@aMbQM2- "X- S`QFQ7Ƕ2p- LX-  apBbimMQp- "X UkyydVX S?b2 /B;`K
M/ i?2`KQ/vMKB+b Q7 i?2 i?`22@/BK2MbBQMH "Qb2@>m##`/ KQ/2HX S?vbB+H
_2pB2r "- d8URjV- Rj9jykX
(ky) *iMB- CX- .2 a`HQ- GX- "`QMiBMB- :X- JBM`/B- 6X-  AM;mb+BQ- JX Ukyy3VX .2@
;2M2`i2 "Qb2@"Qb2 KBtim`2 BM  i?`22@/BK2MbBQMH QTiB+H HiiB+2X S?vbX _2pX -
ddURV- RReyjX
(kR) *?F`p`iv- aX- Gm;?HBM- _X- JQ``- .X-  LvF- *X UkyyRVX >B//2M Q`/2` BM i?2
+mT`i2bX S?vbB+H _2pB2r "- ejUNVX
Rjk(kk) *?2M- *X@*X- JQ`Bix- "X- o2`Mv- 6X- >M+Q+F- CX LX- CQ?MbiQM- aX- CB- *X CX-
*?#Qi@*Qmim`2- :X- :`2p2M- JX- 1H}KQp- AX- arixFv- :X X-  .2p2`2mt-
hX SX UkyRyVX lM`p2HBM; i?2 Lim`2 Q7 *?`;2 1t+BiiBQMb BM G2*mP4 rBi?
JQK2MimK@_2bQHp2/ *m E@1/;2 _2bQMMi AM2HbiB+ s@_v a+ii2`BM;X S?vbB+H
_2pB2r G2ii2`b- Ry8URdV- Rdd9yRX
(kj) *QK#2b+Qi- JX  LQxBĕ`2b- SX URNdRVX AM7``2/ +ibi`QT?v M/ 2t+BiQMb BM i?2
s@`v bT2+i` Q7 K2iHbX CQm`MH /2 S?vbB[m2- jk- NRjĜNkNX
(k9) .Kb+2HHB- X  a?2M- wX@sX UkyyjVX M;H2@`2bQHp2/ T?QiQ2KBbbBQM bim/B2b Q7 i?2
+mT`i2 bmT2`+QM/m+iQ`bX _2pB2rb Q7 JQ/2`M S?vbB+b- d8UkV- 9djĜ89RX
(k8) .pBb- CX *X aX  G22- .X@>X UkyRjVX *QM+2Tib `2HiBM; K;M2iB+ BMi2`+iBQMb-
BMi2`irBM2/ 2H2+i`QMB+ Q`/2`b- M/ bi`QM;Hv +Q``2Hi2/ bmT2`+QM/m+iBpBivX S`Q+22/@
BM;b Q7 i?2 LiBQMH +/2Kv Q7 a+B2M+2b Q7 i?2 lMBi2/ aii2b Q7 K2`B+- RRyU99V-
RdekjĜjyX
(ke) .2M- JX  .2HH2- :X UkyRjVX S2`bBbi2M+2 Q7 K;M2iB+ 2t+BiiBQMb BM
Gk@ta`t*mP9 7`QK i?2 mM/QT2/ BMbmHiQ` iQ i?2 ?2pBHv Qp2`/QT2/ MQM@
bmT2`+QM/m+iBM; K2iHX Lim`2 Ji2`BHb- Rk- RyRNX
(kd) .2M- JX SX JX- CK2b- X CX X- aT`BM;2HH- _X aX- GBm- sX- JQMM2v- *X- w?Qm- EX CX-
EQMBF- _X JX- q2M- CX aX- sm- wX CX- :m- :X .X- ai`Q+Qp- oX LX- a+?KBii- hX-  >BHH-
CX SX UkyRjVX >B;?@1M2`;v J;M2iB+ 1t+BiiBQMb BM i?2 *mT`i2 amT2`+QM/m+iQ`
"B2a`2**m2P8+δ, hQr`/b  lMB}2/ .2b+`BTiBQM Q7 Aib 1H2+i`QMB+ M/ J;M2iB+
.2;`22b Q7 6`22/QKX S?vbB+H _2pB2r G2ii2`b- RRyUR9V- R9dyyRX
(k3) .2M- JX SX JX- aT`BM;2HH- _X aX- JQMM2v- *X- w?Qm- EX CX- S2`2B`Q- CX- "QʈQpBÉ- AX-
.HH SBxx- "X- _ǠMMQr- >X JX- JQ`2MxQMB- 1X- pM /2M "`BMF- CX- a+?KBii- hX-
 >BHH- CX SX UkyRkVX aTBM 2t+BiiBQMb BM  bBM;H2 G2*mP4 Hv2`X Lim`2 Ki2`BHb-
RRURyV- 38yĜ9X
(kN) .2M;- sX- J`pHD2- CX- ʇBiFQ- _X- 62``2`Q- JX- EQiHB`- :X-  :2Q`;2b- X UkyRjVX
>Qr "/ J2iHb hm`M :QQ/, aT2+i`Qb+QTB+ aB;Mim`2b Q7 _2bBHB2Mi ZmbBT`iB+H2bX
S?vbB+H _2pB2r G2ii2`b- RRyU3V- y3e9yRX
(jy) .?2bB- aX- JB`QM2- X- .2 L/ś- *X- P?`2bb2`- SX- "2M+QF- SX- "`QQF2b- LX- _2mi@
H2`- SX- _2p+QH2pb+?B- X- h;HB72``B- X- hQmH2KQM/2- PX-  pM /2` GM- :X
Ukyy9VX lM`p2HBM; P`#BiH P`/2`BM; BM G0.5a`1.5JMP4X S?vbB+H _2pB2r G2i@
i2`b- NkU8V- y8e9yjX
(jR) .QB`QM@G2v`m/- LX- S`Qmbi- *X- G2"Q2m7- .X- G2pHHQBb- CX- "QMM2KBbQM- CX@"X-
GBM;- _X- "QMM- .X X- >`/v- qX LX-  hBHH272`- GX UkyydVX ZmMimK Qb+BHH@
iBQMb M/ i?2 62`KB bm`7+2 BM M mM/2`/QT2/ ?B;?@h+ bmT2`+QM/m+iQ`X Lim`2-
99dUdR99V- 8e8Ĝ3X
Rjj(jk) 6BMF- CX- a+?B2`H2- 1X- q2b+?F2- 1X- :2+F- CX- >ri?Q`M- .X- aQHirBb+?- oX- q@
/iB- >X- qm- >X@>X- .Ƀ``- >X- qBx2Mi- LX- "Ƀ+?M2`- "X-  arixFv- :X UkyyNVX
*?`;2 Q`/2`BM; BM G1.8x1m0.2a`x*mP4 bim/B2/ #v `2bQMMi bQ7i t@`v /Bz`+iBQMX
S?vbB+H _2pB2r "- dNURyV- Ryy8ykX
(jj) 6Bb+?2`- PX- Em;H2`- JX- J;;BQ@T`BH2- AX- "2`i?Q/- *X-  _2MM2`- *X UkyydVX
a+MMBM; imMM2HBM; bT2+i`Qb+QTv Q7 ?B;?@i2KT2`im`2 bmT2`+QM/m+iQ`bX _2pB2rb
Q7 JQ/2`M S?vbB+b- dNURV- j8jĜ9RNX
(j9) 6Bb?2`- JX SX X- q2B+?KM- SX "X- :`BMbi2BM- :X-  6Bb?2`- .X aX URN3NVX "QbQM
HQ+HBxiBQM M/ i?2 bmT2`~mB/@BMbmHiQ` i`MbBiBQMX S?vbX _2pX "- 9yURV- 89eĜ8dyX
(j8) 6`/FBM- 1X- EBp2HbQM- aX X-  h`M[m/- CX JX UkyR9VX h?2Q`v Q7 AMi2`irBM2/
P`/2`b BM >B;? h2KT2`im`2 amT2`+QM/m+iQ`bX +QM/@KiXbmT`@+QMfR9ydX993yX
(je) 6`22`B+Fb- CX  JQMB2M- >X URNNeVX ai`QM;@+QmTHBM; 2tTMbBQMb 7Q` i?2 Tm`2 M/
/BbQ`/2`2/ "Qb2@>m##`/ KQ/2HX S?vbB+H _2pB2r "- 8jU8V- keNRĜkdyyX
(jd) :/rv- "X- S2`iQi- .X- _2BKMM- _X-  a+?M2#H2- .X UkyRyVX amT2`~mB/Biv Q7
AMi2`+iBM; "QbQMB+ JBtim`2b BM PTiB+H GiiB+2bX S?vbX _2pX G2iiX- Ry8U9V- 98jyjX
(j3) :?B`BM;?2HHB- :X- h+QM- JX GX- JBMQH- JX- "HM+Q@*MQb- aX- JxxQHB- *X-
"`QQF2b- LX "X- .2 Gm+- :X JX- 6`MQ- X- >ri?Q`M- .X :X- >2- 6X- GQ2r-
hX- aH- JX JX- S22ib- .X *X- aHHmxxQ- JX- a+?B2`H2- 1X- ami`iQ- _X- arixFv-
:X X- q2b+?F2- 1X- E2BK2`- "X-  "`B+QpB+?- GX UkyRkVX GQM;@`M;2 BM+QKK2M@
bm`i2 +?`;2 ~m+imiBQMb BM Uu-L/V"2*m3P6+xX
(jN) :B``/2m- JX  `MQrBii- _X URN8NVX h?2Q`v Q7 JMv@"QbQM avbi2Kb, SB`
h?2Q`vX S?vbB+H _2pB2r- RRjUjV- d88ĜdeRX
(9y) :`2BM2`- JX- JM/2H- PX- 1bbHBM;2`- hX- >Mb+?- hX qX-  "HQ+?- AX UkyykVX ZmM@
imK T?b2 i`MbBiBQM 7`QK  bmT2`~mB/ iQ  KQii BMbmHiQ` BM  ;b Q7 mHi`+QH/
iQKbX Lim`2- 9R8Ue3edV- jNĜ99X
(9R) :`2MB2`- aX- >BHH- CX- :B##b- .X- h?QKb- EX- wBKK2`KMM- JX- L2HbQM- *X-
EB`vmF?BM- oX- hQFm`- uX- hQKBQF- uX- *b- .X- :Q;- hX-  o2MFi`@
KM- *X Ukyy9VX _2bQMMi t@`v /Bz`+iBQM Q7 i?2 K;M2iQ`2bBbiMi T2`QpbFBi2
S`0.6*0.4JMP3X S?vbB+H _2pB2r "- eNURjV- Rj99RNX
(9k) :m;HB2HKBMQ- JX- S2MM- oX-  *TQ;`QbbQ@aMbQM2- "X UkyRyVX JQii BMbmHiQ`@
bmT2`~mB/ i`MbBiBQM BM "Qb2@"Qb2 KBtim`2b BM  irQ@/BK2MbBQMH HiiB+2X S?vbX
_2pX - 3kUkV- kReyRX
(9j) :ɃMi2`- EX- aiƺ72`H2- hX- JQ`Bix- >X- Eƺ?H- JX-  1bbHBM;2`- hX UkyyeVX "Qb2@
62`KB JBtim`2b BM  h?`22@.BK2MbBQMH PTiB+H GiiB+2X S?vbX _2pX G2iiX- NeUR3V-
R3y9ykX
Rj9(99) >+FH- X- oQDi- JX-  a+?/2p- aX UkyRyVX ZmbBT`iB+H2 L2`Mbi 2z2+i BM bi`BT2@
Q`/2`2/ +mT`i2bX S?vbB+H _2pB2r "- 3RU9V- y98RykX
(98) >p2`FQ`i- JX UkyRyVX h?2Q`v Q7 _2bQMMi AM2HbiB+ s@_v a+ii2`BM; #v *QHH2+@
iBp2 J;M2iB+ 1t+BiiBQMbX S?vbB+H _2pB2r G2ii2`b- Ry8UReV- Red9y9X
(9e) >2``2`Q@J`iőM- CX- :`+ő- CX- am#őb- :X- "Hb+Q- CX- aM+?2x- JX-  aiM2b+m-
aX UkyyeVX .Qm#H2 bi`BT2 Q`/2`BM; BM L/0.5a`0.5JMP3 /2i2`KBM2/ #v `2bQMMi bQ7i
t@`v b+ii2`BM;X S?vbB+H _2pB2r "- djUkkV- kk99ydX
(9d) >BHH- CX- "HmK#2`;- :X- EBK- uX@CX- 1HHBb- .X- qFBKQiQ- aX- "B`;2M2m- _X- EQKBv-
aX- M/Q- uX- GBM;- "X- :`22M2- _X- *b- .X-  :Q;- hX Ukyy3VX P#b2`piBQM
Q7  8yy K2o *QHH2+iBp2 JQ/2 BM G2−xa`x*mP4 M/ L/2*mP4 lbBM; _2bQMMi
AM2HbiB+ s@_v a+ii2`BM;X S?vbB+H _2pB2r G2ii2`b- RyyUNV- yNdyyRX
(93) >QzKM- CX 1X- >m/bQM- 1X qX- GM;- EX JX- J/?pM- oX- 1BbFB- >X- l+?B/-
aX-  .pBb- CX *X UkyykVX  7Qm` mMBi +2HH T2`BQ/B+ Tii2`M Q7 [mbB@T`iB+H2
bii2b bm``QmM/BM; pQ`i2t +Q`2b BM "B2a`2**m2P8+δX a+B2M+2 UL2r uQ`F- LXuXV-
kN8U8889V- 9eeĜNX
(9N) >QrH/- *X- 1BbFB- >X- EM2FQ- LX- :`2p2M- JX-  ETBimHMBF- X UkyyjVX S2`BQ/B+
/2MbBiv@Q7@bii2b KQ/mHiBQMb BM bmT2`+QM/m+iBM; "B2a`2**m2P8+δX S?vbX _2pX
"- edURV- R98jjX
(8y) >Ƀ7M2`- aX UkyyjVX S?QiQ2H2+i`QM aT2+i`Qb+QTv, S`BM+BTH2b M/ TTHB+iBQMbX
aT`BM;2`X
(8R) AMQ- X- EBK- *X- LFKm`- JX- uQb?B/- hX- JBxQFr- hX- 6mDBKQ`B- X- a?2M-
wX@sX- EF2b?Bi- hX- 1BbFB- >X-  l+?B/- aX UkyykVX .QTBM;@/2T2M/2Mi 2pQHmiBQM
Q7 i?2 2H2+i`QMB+ bi`m+im`2 Q7 G2−xa`x*mP4 BM i?2 bmT2`+QM/m+iBM; M/ K2iHHB+
T?b2bX S?vbB+H _2pB2r "- e8UNV- yN98y9X
(8k) AbFBM- JX  6`22`B+Fb- CX UkyyNVX ai`QM;@+QmTHBM; T2`im`#iBQM i?2Q`v 7Q` i?2
2ti2M/2/ "Qb2@>m##`/ KQ/2HX S?vbB+H _2pB2r - dNU8V- y8jej9X
(8j) CX "B`;2M2m- _X- aiQ+F- *X- JX h`M[m/- CX-  uK/- EX UkyyeVX J;@
M2iB+ L2mi`QM a+ii2`BM; BM >QH2@.QT2/ *mT`i2 amT2`+QM/m+iQ`bX CQm`MH Q7 i?2
S?vbB+H aQ+B2iv Q7 CTM- d8URRV- RRRyyjX
(89) CB- *X CX- LQr/MB+F- 1X X- qQ?H72H/- EX- *?2M- *X *X- CQ?MbiQM- aX- hQ?vK-
hX- JQ`Bix- "X-  .2p2`2mt- hX SX UkyRjVX S2`bBbi2Mi bTBM 2t+BiiBQMb BM /QT2/
MiB72``QK;M2ib `2p2H2/ #v `2bQMMi BM2HbiB+ HB;?i b+ii2`BM;X
(88) EBp2HbQM- aX X- "BM/HQbb- AX SX- P;M2bvM- oX- h`M[m/- CX JX- ETBimHMBF- X-
 >QrH/- *X UkyyjVX >Qr iQ /2i2+i ~m+imiBM; bi`BT2b BM i?2 ?B;?@i2KT2`im`2
bmT2`+QM/m+iQ`bX _2pB2rb Q7 JQ/2`M S?vbB+b- d8U9V- RkyRĜRk9RX
Rj8(8e) EBp2HbQM- aX X- 6`/FBM- 1X-  1K2`v- oX CX URNN3VX 1H2+i`QMB+ HB[mB/@+`vbiH
T?b2b Q7  /QT2/ JQii BMbmHiQ`X jNjUee38V- 88yĜ88jX
(8d) EHB+?- AX UkyyjVX ZmMimK LQBb2 BM J2bQb+QTB+ S?vbB+bX AM uX Lx`Qp U1/XV-
ZmMimK LQBb2 BM J2bQb+QTB+ S?vbB+bX aT`BM;2`X
(83) EHB+?- AX UkyR9VX  MQi2 QM i?2 6mHH *QmMiBM; aiiBbiB+b Q7 TB`2/ 72`KBQMbX +QM/@
KiXK2b@?HHfR9yjXd3k9X
(8N) EMT- JX- a?b?B- X- LBb?B/- uX- AKK#2FQp- X- #MBM- .X X-  .2KH2`- 1X
UkyRkVX hBK2@.2T2M/2Mi AKTm`Biv BM lHi`+QH/ 62`KBQMb, P`i?Q;QMHBiv *ib@
i`QT?2 M/ "2vQM/X S?vbB+H _2pB2r s- kU9V- y9RykyX
(ey) EQiMB- X  a?BM- aX UkyyRVX _2bQMMi BM2HbiB+ t@`v b+ii2`BM; bT2+i` 7Q`
2H2+i`QMb BM bQHB/bX _2pB2rb Q7 JQ/2`M S?vbB+b- djURV- kyjĜk9eX
(eR) GK+`7i- X UkyyNVX .BbT2`bBQM `2HiBQM M/ bT2+i`H 7mM+iBQM Q7 M BKTm`Biv BM
 QM2@/BK2MbBQMH [mMimK HB[mB/X S?vbB+H _2pB2r "- dNUk9V- k9RRy8X
(ek) GM;- AX :X  6B`bQp- uX X URNekVX EBM2iB+ i?2Q`v Q7 b2KB+QM/m+iQ`b rBi? HQr
KQ#BHBivX w?X 1FbTX h2Q`X 6BxX- 9j- R39jX
(ej) G2 h+QM- JX- :?B`BM;?2HHB- :X- *?HQmTF- CX- aH- JX JX- >BMFQp- oX- >p2`FQ`i-
JX qX- JBMQH- JX- "F`- JX- w?Qm- EX CX- "HM+Q@*MQb- aX- JQMM2v- *X- aQM;-
uX hX- amM- :X GX- GBM- *X hX- .2 Gm+- :X JX- aHHmxxQ- JX- E?HBmHHBM- :X-
a+?KBii- hX- "`B+QpB+?- GX-  E2BK2`- "X UkyRRVX AMi2Mb2 T`K;MQM 2t+BiiBQMb
BM  H`;2 7KBHv Q7 ?B;?@i2KT2`im`2 bmT2`+QM/m+iQ`bX Lim`2 S?vbB+b- dUNV- dk8Ĝ
djyX
(e9) G2 h+QM- JX- JBMQH- JX- S22ib- .X *X- JQ`2iiB aH- JX- "HM+Q@*MQb- aX-
>BMFQp- oX- GBM;- _X- "QMM- .X X- >`/v- qX LX- GBM- *X hX- a+?KBii- hX-
"`B+QpB+?- GX- :?B`BM;?2HHB- :X-  E2BK2`- "X UkyRjVX .BbT2`bBp2 bTBM 2t+Bi@
iBQMb BM ?B;?Hv Qp2`/QT2/ +mT`i2b `2p2H2/ #v `2bQMMi BM2HbiB+ t@`v b+ii2`BM;X
S?vbB+H _2pB2r "- 33UkV- yky8yRX
(e8) G2"Q2m7- .X- .QB`QM@G2v`m/- LX- G2pHHQBb- CX- .Qm- _X- "QMM2KBbQM- CX@"X-
>mbb2v- LX 1X- "HB+b- GX- _Kb?r- "X CX- GBM;- _X- "QMM- .X X- >`/v-
qX LX- /+?B- aX- S`Qmbi- *X-  hBHH272`- GX UkyydVX 1H2+i`QM TQ+F2ib BM i?2
62`KB bm`7+2 Q7 ?QH2@/QT2/ ?B;?@h+ bmT2`+QM/m+iQ`bX Lim`2- 98yUdReNV- 8jjĜeX
(ee) GB- CX@sX- qm- *X@ZX-  G22- .X@>X UkyyeVX *?2+F2`#Q`/ +?`;2 /2MbBiv rp2 M/
Tb2m/Q;T Q7 ?B;?@h+ +mT`i2X S?vbB+H _2pB2r "- d9UR3V- R398R8X
(ed) Gm- .X- oBb?BF- AX JX- uB- JX- *?2M- uX- JQQ`2- _X :X-  a?2M- wX@sX UkyRkVX
M;H2@_2bQHp2/ S?QiQ2KBbbBQM aim/B2b Q7 ZmMimK Ji2`BHbX MMmH _2pB2r Q7
*QM/2Mb2/ Jii2` S?vbB+b- jURV- RkNĜRedX
Rje(e3) J?M- :X URNedVX 1t+BiQMb BM J2iHb, AM}MBi2 >QH2 JbbX S?vbB+H _2pB2r-
RejUjV- eRkĜeRdX
(eN) J`FB2rB+x- _X aX- a?`FQ`TB- aX- GBM/`QQb- JX- GBM- >X-  "MbBH- X Ukyy8VX
PM2@#M/ iB;?i@#BM/BM; KQ/2H T`K2i`BxiBQM Q7 i?2 ?B;?@ hc +mT`i2b BM+Hm/BM;
i?2 2z2+i Q7 kz /BbT2`bBQMX S?vbB+H _2pB2r "- dkU8V- y898RNX
(dy) J``- SX- avFQ`- aX- qQ?H72H/- EX-  pM /2M "`BMF- CX UkyRjVX _2bQMMi AM2HbiB+
s@_v a+ii2`BM; b  S`Q#2 Q7 i?2 S?b2 M/ 1t+BiiBQMb Q7 i?2 P`/2` S`K2i2`
Q7 amT2`+QM/m+iQ`bX S?vbB+H _2pB2r G2ii2`b- RRyURRV- RRdyy8X
(dR) J`iBM- AX- P`iBx- :X- "HibFv- X oX-  "Bb?QT- X _X UkyyyVX *QKT2iBM; [mM@
imK Q`/2`BM;b BM +mT`i2 bmT2`+QM/m+iQ`b,  KBMBKH KQ/2HX AMi2`MiBQMH CQm`@
MH Q7 JQ/2`M S?vbB+b "- R9UkNV- j8edĜj8deX
(dk) J+1H`Qv- EX- G22- .X@>X- >QzKM- CX 1X- GM;- EX JX- G22- CX- >m/bQM- 1X qX-
1BbFB- >X- l+?B/- aX-  .pBb- CX *X Ukyy8VX *QBM+B/2M+2 Q7 *?2+F2`#Q`/ *?`;2
P`/2` M/ MiBMQ/H aii2 .2+Q?2`2M+2 BM ai`QM;Hv lM/2`/QT2/ amT2`+QM/m+iBM;
"B2a`2**m2P8+δX S?vbX _2pX G2iiX- N9URNV- RNdyy8X
(dj) JBHHBb- X  LQ`KM- JX UkyydVX MiBT?b2 bi`BT2 Q`/2` b i?2 Q`B;BM Q7 2H2+i`QM
TQ+F2ib Q#b2`p2/ BM Rf3@?QH2@/QT2/ +mT`i2bX S?vbB+H _2pB2r "- deUkkV- kky8yjX
(d9) JmxvFMibFBB- "X- .ǶK#`mK2MBH- LX-  "`mM2+F2`- "X UkyyjVX 62`KB@1/;2 aBM@
;mH`Biv BM  LQM2[mBHB#`BmK avbi2KX S?vbB+H _2pB2r G2ii2`b- NRUkeV- keeeykX
(d8) Lx`2MFQ- 1X- GQ`2MxQ- CX 1X- CQHv- uX- >Q/2m- CX GX- JMMBt- .X-  J`BM- *X
UkyyeVX _2bQMMi s@_v .Bz`+iBQM aim/B2b QM i?2 *?`;2 P`/2`BM; BM J;M2iBi2X
S?vbB+H _2pB2r G2ii2`b- NdU8V- y8e9yjX
(de) LQ`KM- JX _X- .BM;- >X- _M/2`B- JX- *KTmxMQ- CX *X- uQFQv- hX- hF2m+?B-
hX- hF?b?B- hX- JQ+?BFm- hX- E/QrFB- EX- :mTib`K- SX-  >BMFb- .X :X
URNN3VX .2bi`m+iBQM Q7 i?2 62`KB bm`7+2 BM mM/2`/QT2/ ?B;?@h+ bmT2`+QM/m+iQ`bX
Lim`2- jNkUeedkV- R8dĜReyX
(dd) LQ`KM- JX _X- SBM2b- .X-  EHHBM- *X Ukyy8VX h?2 Tb2m/Q;T, 7`B2M/ Q` 7Q2 Q7
?B;? h+\ /pM+2b BM S?vbB+b- 89U3V- dR8ĜdjjX
(d3) LQxBĕ`2b- SX  #`?Kb- 1X URNd9VX h?`2b?QH/ bBM;mH`BiB2b Q7 i?2 t@`v _KM
b+ii2`BM; BM K2iHbX S?vbB+H _2pB2r "- RyU3V- jyNNĜjRRkX
(dN) LQxBĕ`2b- SX  /2 .QKBMB+Bb- *X URNeNVX aBM;mH`BiB2b BM i?2 s@_v #bQ`TiBQM
M/ 1KBbbBQM Q7 J2iHbX AAAX PM2@"Q/v h?2Q`v 1t+i aQHmiBQMX S?vbB+H _2pB2r-
Rd3UjV- RyNdĜRRydX
Rjd(3y) PbT2HFmb- *X- PbT2HFmb- aX- a2M;biQ+F- EX-  "QM;b- EX UkyyeVX AMi2`+iBQM@
.`Bp2M .vMKB+b Q7 40E@87_# 62`KBQM@"QbQM :b JBtim`2b BM i?2 G`;2@S`iB+H2@
LmK#2` GBKBiX S?vbX _2pX G2iiX- NeUkV- ky9yRX
(3R) S22ib- .X *X- >ri?Q`M- .X :X- a?2M- EX JX- EBK- uX@CX- 1HHBb- .X aX- w?M;- >X-
EQKBv- aX- M/Q- uX- arixFv- :X X- GBM;- _X- "QMM- .X X-  >`/v- qX LX
UkyyNVX s@_v #bQ`TiBQM aT2+i` _2p2H i?2 AMTTHB+#BHBiv Q7 i?2 aBM;H2@"M/
>m##`/ JQ/2H iQ Pp2`/QT2/ *mT`i2 amT2`+QM/m+iQ`bX S?vbB+H _2pB2r G2ii2`b-
RyjU3V- y3d9ykX
(3k) S22ib- .X *X- JQii2`b?2/- CX .X 6X- qm- "X- 1H}KQp- AX aX- GBM;- _X- >`/v-
qX LX- "QMM- .X X- _m/b2TT- JX- AM;H2- LX CX *X-  .Kb+2HHB- X UkyydVX
hH2"2*mP6+δ #`BM;b bT2+i`Qb+QTB+ T`Q#2b /22T BMiQ i?2 Qp2`/QT2/ `2;BK2 Q7 i?2
?B;?@ h+ +mT`i2bX L2r CQm`MH Q7 S?vbB+b- NUkV- k3Ĝk3X
(3j) SQ/QHbFv- .X- .2KH2`- 1X- .KH2- EX-  >HT2`BM- "X UkyyjVX h`MbHiBQMH bvK@
K2i`v #`2FBM; BM i?2 bmT2`+QM/m+iBM; bii2 Q7 i?2 +mT`i2b, MHvbBb Q7 i?2
[mbBT`iB+H2 /2MbBiv Q7 bii2bX S?vbB+H _2pB2r "- edUNV- yN98R9X
(39) _Q?H}M;- JX  GQmB2- aX URNN3VX 1t+BiQMB+ 1z2+ib M/ i?2 PTiB+H #bQ`TiBQM
aT2+i`mK Q7 >v/`Q;2Mi2/ aB *Hmbi2`bX S?vbB+H _2pB2r G2ii2`b- 3yUR8V- jjkyĜ
jjkjX
(38) _Qb+?- X URNNNVX ZmMimK@+Q?2`2Mi i`MbTQ`i Q7  ?2pv T`iB+H2 BM  72`KBQMB+
#i?X /pM+2b BM S?vbB+b- 93UjV- kN8ĜjN9X
(3e) a+?/2p- aX UkyyyVX ZmMimK *`BiB+HBiv, *QKT2iBM; :`QmM/ aii2b BM GQr .B@
K2MbBQMbX a+B2M+2- k33U89e8V- 9d8Ĝ93yX
(3d) a+?/2p- aX UkyyjVX *QHHQ[mBmK, P`/2` M/ [mMimK T?b2 i`MbBiBQMb BM i?2
+mT`i2 bmT2`+QM/m+iQ`bX _2pB2rb Q7 JQ/2`M S?vbB+b- d8UjV- NRjĜNjkX
(33) a+HTBMQ- .X  am;`- _X URN3RVX J2i?Q/ 7Q` S2`7Q`KBM; JQMi2 *`HQ *H+mH@
iBQMb 7Q` avbi2Kb rBi? 62`KBQMbX S?vbB+H _2pB2r G2ii2`b- 9eU3V- 8RNĜ8kRX
(3N) a+HTBMQ- .X CX UkyRkVX  +QKKQM i?`2/, h?2 TB`BM; BMi2`+iBQM 7Q` mM+QM@
p2MiBQMH bmT2`+QM/m+iQ`bX _2pB2rb Q7 JQ/2`M S?vbB+b- 39U9V- Rj3jĜR9RdX
(Ny) a+H2ii`- _X- a+HTBMQ- .X-  am;`- _X URN3eVX L2r H;Q`Bi?K 7Q` i?2 MmK2`B+H
bBKmHiBQM Q7 72`KBQMbX S?vbB+H _2pB2r "- j9URRV- dNRRĜdNRdX
(NR) a+?mHx- >X URNNyVX AM+QKK2Mbm`i2 MiB72``QK;M2iBbK BM i?2 irQ@/BK2MbBQMH
>m##`/ KQ/2HX S?vbB+H _2pB2r G2ii2`b- e9URkV- R998ĜR993X
Rj3(Nk) a+?ɃĽH2`@GM;2?2BM2- *X- a+?HTT- CX- hMF- X- >m- wX- *?M;- *X- a+?B2`H2-
1X- "2MQK`- JX- Pii- >X- q2b+?F2- 1X- EBM/H- :X- 6`B2/i- PX- arixFv- :X- GBM-
>X@CX- *?2M- *X- "`/2M- JX-  hD2M;- GX Ukyy8VX aT2+i`Qb+QTv Q7 ai`BT2 P`/2` BM
G1.8a`0.2LBP4 lbBM; _2bQMMi aQ7i s@_v .Bz`+iBQMX S?vbB+H _2pB2r G2ii2`b-
N8UR8V- R8e9ykX
(Nj) a2/`FvM- hX X  *?m#mFQp- X oX UkyRyVX Sb2m/Q;T BM mM/2`/QT2/ +mT`i2b
M/ bTBM@/2MbBiv@rp2 ~m+imiBQMbX S?vbB+H _2pB2r "- 3RURdV- Rd98jeX
(N9) a?b?B- X- :`mb/i- 6X- #MBM- .X X-  .2KH2`- 1X UkyR9VX _/BQ@7`2[m2M+v
bT2+i`Qb+QTv Q7 TQH`QMb BM mHi`+QH/ "Qb2 ;b2bX S?vbB+H _2pB2r - 3NU8V- y8jeRdX
(N8) a?2M- EX JX- _QMMBM;- 6X- Gm- .X >X- "mK#2`;2`- 6X- AM;H2- LX CX *X- G22- qX aX-
J22pbM- qX- EQ?bF- uX- xmK- JX- hFMQ- JX- hF;B- >X-  a?2M- wX@sX
Ukyy8VX LQ/H [mbBT`iB+H2b M/ MiBMQ/H +?`;2 Q`/2`BM; BM *2−xLx*mP2*H2X
a+B2M+2 UL2r uQ`F- LXuXV- jydU8dRRV- NyRĜ9X
(Ne) aBH#2v- _X  >``Bb- _X X URN39VX o`BiBQMH +H+mHiBQM Q7 i?2 /vMKB+b Q7 
irQ H2p2H bvbi2K BMi2`+iBM; rBi?  #i?X CX *?2KX S?vbX- 3yUeV- keR8X
(Nd) aK/B+B- aX- ##KQMi2- SX- "?ii+?`v- X- w?B- sX- CBM;- "X- _mbv/B-
X- 1+Fbi2BM- CX- "/2`- aX-  wmQ- CX@JX UkyydVX 1H2+i`QMB+ _2+QMbi`m+iBQM
i a`JMP3@GJMP3 amT2`HiiB+2 AMi2`7+2bX S?vbB+H _2pB2r G2ii2`b- NNURNV-
RNe9y9X
(N3) aK/B+B- aX- ##KQMi2- SX- h;m+?B- JX- EQ?bF- uX- ab;r- hX- xmK-
JX- hFMQ- JX-  hF;B- >X Ukyyd#VX #b2M+2 Q7 HQM;@`M;2/ +?`;2 Q`/2` BM
Lx*2−x*mP2*H2 Ut4yXy3VX S?vbB+H _2pB2r "- d8UdV- yd8Ry9X
(NN) aK/B+B- aX- G22- CX- qM;- aX- ##KQMi2- SX- GQ;p2MQp- :X- :Qx`- X- *p2H@
HBM- *X-  "QxQpB+- AX UkyyNVX amT2`+QM/m+iBM; h`MbBiBQM i j3 E BM AMbmHiBM;@
Pp2`/QT2/ G2*mP4@G1.64a`0.36*mP4 amT2`HiiB+2b, 1pB/2M+2 7Q` AMi2`7+2 1H2+@
i`QMB+ _2/Bbi`B#miBQM 7`QK _2bQMMi aQ7i s@_v a+ii2`BM;X S?vbB+H _2pB2r G2i@
i2`b- RykURyV- Rydyy9X
(Ryy) aQHb- 6X  :mBM2- 6X URN3dVX "mHF M/ bm`7+2 /BzmbBQM Q7 ?2pv T`iB+H2b BM
K2iHb,  Ti?@BMi2;`H TT`Q+?X S?vbB+H _2pB2r "- jeUR8V- ddd8Ĝdd38X
(RyR) aiQ+F- *X- *QrH2v- _X X- "mv2`b- qX CX GX- 6`Qbi- *X .X- hvHQ`- CX qX- S22ib- .X-
GBM;- _X- "QMM- .X-  >`/v- qX LX UkyRyVX 1z2+i Q7 i?2 Tb2m/Q;T QM bmTT`2bb@
BM; ?B;? 2M2`;v BM2HbiB+ M2mi`QM b+ii2`BM; BM bmT2`+QM/m+iBM; u"2*m3P6.5X
S?vbB+H _2pB2r "- 3kURdV- Rd98y8X
(Ryk) hBKmbF- hX  aiii- "X URNNNVX h?2 Tb2m/Q;T BM ?B;?@i2KT2`im`2 bmT2`+QM/m+@
iQ`b, M 2tT2`BK2MiH bm`p2vX _2TQ`ib QM S`Q;`2bb BM S?vbB+b- ekURV- eRĜRkkX
RjN(Ryj) h`M[m/- CX JX- ai2`MHB2#- "X CX- t2- CX .X- LFKm`- uX-  l+?B/- aX URNN8VX
1pB/2M+2 7Q` bi`BT2 +Q``2HiBQMb Q7 bTBMb M/ ?QH2b BM +QTT2` QtB/2 bmT2`+QM/m+iQ`bX
Lim`2- jd8Ue8jkV- 8eRĜ8ejX
(Ry9) h`M[m/- CX JX- sm- :X-  wHBxMvF- AX X UkyR9VX amT2`+QM/m+iBpBiv- M@
iB72``QK;M2iBbK- M/ M2mi`QM b+ii2`BM;X CQm`MH Q7 J;M2iBbK M/ J;M2iB+
Ji2`BHb- j8y- R93ĜReyX
(Ry8) hbmibmB- EX- hQ?vK- hX-  J2Fr- aX URNNNVX JQK2MimK .2T2M/2M+2 Q7
_2bQMMi AM2HbiB+ s@_v a+ii2`BM; aT2+i`mK BM AMbmHiBM; *mT`i2bX S?vbB+H
_2pB2r G2ii2`b- 3jUR3V- jdy8Ĝjdy3X
(Rye) hbmibmB- EX- hQ?vK- hX-  J2Fr- aX UkyyjVX JQii :T 1t+BiiBQMb M/
_2bQMMi AM2HbiB+ s@_v a+ii2`BM; BM .QT2/ *mT`i2bX S?vbB+H _2pB2r G2ii2`b-
NRURRVX
(Ryd) oHH- hX- 62/Q`Qp- X oX- G22- CX- .pBb- CX *X-  :m- :X .X UkyyeVX h?2 ;`QmM/
bii2 Q7 i?2 Tb2m/Q;T BM +mT`i2 bmT2`+QM/m+iQ`bX a+B2M+2 UL2r uQ`F- LXuXV-
jR9U83ydV- RNR9ĜRNReX
(Ry3) pM /2M "`BMF- CX  pM /2M "`BMF- CX Ukyy8VX L2r HB;?i QM K;M2iB+ 2t+BiiBQMb,
BM/B`2+i `2bQMMi BM2HbiB+ s@`v b+ii2`BM; QM K;MQMbX 1m`QT?vbB+b G2ii2`b- 3y-
9X
(RyN) o2`Mv- 6X- JQ`Bix- "X- 1H}KQp- AX- :2+F- CX- >ri?Q`M- .X- .2p2`2mt- hX- 
arixFv- :X Ukyy3VX *m E@2/;2 `2bQMMi BM2HbiB+ t@`v b+ii2`BM; BM 2/;2@b?`BM;
+mT`i2bX S?vbB+H _2pB2r "- ddURyV- Ry98RNX
(RRy) o2`b?BMBM- JX- JBb`- aX- PMQ- aX- #2- uX- M/Q- uX-  ux/MB- X
Ukyy9VX GQ+H P`/2`BM; BM i?2 Sb2m/Q;T aii2 Q7 i?2 >B;?@h+ amT2`+QM/m+iQ`
"B2a`2**m2P8+δX a+B2M+2- jyjU8eeeV- RNN8ĜRNN3X
(RRR) oB;MQHH2- "X- oB;MQHH2b- .X- G2"Q2m7- .X- G2TmHi- aX- _Kb?r- "X- GBM;- _X-
"QMM- .X- >`/v- qX- .QB`QM@G2v`m/- LX- *``BM;iQM- X- >mbb2v- LX- hBHH272`-
GX-  S`Qmbi- *X UkyRRVX ZmMimK Qb+BHHiBQMb M/ i?2 62`KB bm`7+2 Q7 ?B;?@
i2KT2`im`2 +mT`i2 bmT2`+QM/m+iQ`bX *QKTi2b _2M/mb S?vbB[m2- RkU8@eV- 99eĜ
9eyX
(RRk) oQDi- JX UkyyNVX GiiB+2 bvKK2i`v #`2FBM; BM +mT`i2 bmT2`+QM/m+iQ`b, bi`BT2b-
M2KiB+b- M/ bmT2`+QM/m+iBpBivX /pM+2b BM S?vbB+b- 83UeV- eNNĜ3kyX
(RRj) ʇBiFQ- _X UkyRRVX aL1: Ĝ Ji?2KiB+ T+F;2 7Q` bvK#QHB+ +H+mHiBQMb rBi?
b2+QM/@[mMiBxiBQM@QT2`iQ` 2tT`2bbBQMbX *QKTmi2` S?vbB+b *QKKmMB+iBQMb-
R3kURyV- kk8NĜkke9X
R9y(RR9) qFBKQiQ- aX- uK/- EX- h`M[m/- CX- 6`Qbi- *X- "B`;2M2m- _X-  w?M;-
>X UkyydVX .BbTT2`M+2 Q7 MiB72``QK;M2iB+ aTBM 1t+BiiBQMb BM Pp2`/QT2/
G2−xa`x*mP4X S?vbB+H _2pB2r G2ii2`b- N3Uk9V- k9dyyjX
(RR8) q?Bi2- aX  a+HTBMQ- .X UkyyyVX S?b2 b2T`iBQM M/ bi`BT2 7Q`KiBQM BM i?2
irQ@/BK2MbBQMH i@C KQ/2H,  +QKT`BbQM Q7 MmK2`B+H `2bmHibX S?vbB+H _2pB2r
"- eRUNV- ejkyĜejkeX
(RRe) qBHFBMb- aX- aT2M+2`- SX- >iiQM- SX- *QHHBMb- aX- _QT2`- JX- S`#?F`M- .X- 
"QQi?`Qv/- X UkyyjVX .B`2+i P#b2`piBQM Q7 P`#BiH P`/2`BM; BM G0.5a`1.5JMP4
lbBM; aQ7i s@`v .Bz`+iBQMX S?vbB+H _2pB2r G2ii2`b- NRUReV- Redky8X
(RRd) uQ- >X- G22- .X@>X-  EBp2HbQM- aX UkyRRVX 62`KB@bm`7+2 `2+QMbi`m+iBQM BM 
bK2+iB+ T?b2 Q7  ?B;?@i2KT2`im`2 bmT2`+QM/m+iQ`X S?vbB+H _2pB2r "- 39URV-
yRk8ydX
(RR3) u`FQMv- .X  aBH#2v- _X URNdeVX *QKK2Mib QM 2t+BiQM T?QMQM +QmTHBM;, h2K@
T2`im`2 /2T2M/2M+2X CX *?2KX S?vbX- e8UjV- Ry9kX
(RRN) u2?- LX@*X  "2v2`- X .X UkyyNVX lM+QMp2MiBQMH HQr@2M2`;v 2t+BiiBQMb Q7
+mT`i2 bmT2`+QM/m+iQ`bX AMi2`MiBQMH CQm`MH Q7 JQ/2`M S?vbB+b " UACJS"V-
kjUkkV- 989jĜ98ddX
(Rky) wM2M- CX  :mMM`bbQM- PX URN3NVX *?`;2/ K;M2iB+ /QKBM HBM2b M/ i?2
K;M2iBbK Q7 ?B;?@hc QtB/2bX S?vbB+H _2pB2r "- 9yURyV- djNRĜdjN9X
(RkR) wM2M- CX  arixFv- :X URNNyVX avbi2KiB+b BM #M/ ;Tb M/ QTiB+H bT2+i`
Q7 j. i`MbBiBQM K2iH +QKTQmM/bX CQm`MH Q7 aQHB/ aii2 *?2KBbi`v- 33URV- 3ĜkdX
(Rkk) w2;FBMQ;HQm- AX- ai`2KT72`- CX- L2HbQM- *X- >BHH- CX- *?F?HBM- CX- "2`M?`/-
*X- GM;- CX- a`D2`- :X- 6mFxr- >X- LFibmDB- aX- J2MQ- uX-  E2BK2`- "X
Ukyy8VX P`#BiH P`/2`BM; h`MbBiBQM BM *2_mP4 P#b2`p2/ rBi? _2bQMMi s@_v
.Bz`+iBQMX S?vbB+H _2pB2r G2ii2`b- N8URjV- Rje9yRX
(Rkj) w2v?2`- _X  :`2+Q- X UkyRjVX a2H7@2M2`;v 2z2+ib BM 2H2+i`QMB+ _KM bT2+i` Q7
/QT2/ +mT`i2b /m2 iQ K;M2iB+ ~m+imiBQMbX S?vbB+H _2pB2r "- 3dUkkV- kk98RRX
(Rk9) w?Qm- EX@CX- >mM;- uX@"X- JQMM2v- *X- .B- sX- ai`Q+Qp- oX LX- qM;- LX@GX-
*?2M- wX@:X- w?M;- *X- .B- SX- Sii?2v- GX- pM /2M "`BMF- CX- .BM;- >X- 
a+?KBii- hX UkyRjVX S2`bBbi2Mi ?B;?@2M2`;v bTBM 2t+BiiBQMb BM B`QM@TMB+iB/2 bmT2`@
+QM/m+iQ`bX Lim`2 +QKKmMB+iBQMb- 9- R9dyX
R9R